ee | a irs SE 028 292 

pete aie e Bie ee) gt ee re 

AUTHOR s fi criot, Sarah T.; And Others : 

tog Me Phe wf, ae culus of Elementary Functions, Pa: aia | ‘Teacher's . 

eer ae Comasntary.Are}inina ry” Edition,. i" 
INSTITOTION . Stanford UnivV., Calif. School i lay a ys Study” 
a .hr Group. ©, ar 
.SPONS AGENCY  Natdonal science Foundat ion,. washingfony, De . 

"PUB ne 68 

“NOTE © q a For retated documents, see By 443 515: ‘and ‘gD 


* 


Ee 4 : a mi : < ort gi ii og Si . . a : ; 
eo. ee 2p DOCONRNT RESUME. tS ae 4 


. 


& acos F ; 
‘Bors PRICE’ ro1fecvo Plus Postage. | ro ~ oak a 
DESCRIPTORS “-*Caleulus;. Curriculon; qeatrica ye Guides; | 2 
: a ee ‘*Instruction; Mathematics Educa on; Secondary 1 
‘| oo+%  ** Education; *sécondary School sib . 
IDENTIFI£RS **PFundtions (Mathemi tics) ; *Schgpl Salat a Stuy 
ee ee : . 
ABSTRACT... «|. °°- ' mo : Saf 
; This is part three “of a \ threg-partemanual for .., 
‘coachers using SMSG high’school text materials. Detailed solutions 


are given to all.the exercises in the txt. ‘Chapter topics inchudes: 


(1) area and. the int?qral;. ang (2) differanfiation{theory and * 
‘eek: panes (92) | at ie. ¥ 


2 tetneehennansanesasenesneess pies Ho HES THRESSHEAEHA ESE HAES HEE RSEE HSER, 


one 
. 
‘ A ° 


. 2 ] : ] ’ 
we ; . . \ &, & 
. @ \ Z ink a * 
_ sis, ¥ " . Par f, , - Whee was? 


143 575, Contains occasional Aight 8nd broken type . 


F y 


f - » ; 
r ne . ~ "> 
s } be ? ty ra . ; 
. i , “ . < r . 
, x - . : 
« ; - - i] 
* i % 
: } 
P : : a 
e! F 
hee ee ‘ 
‘ -. : ? XK f : 
: . ; ie ’ ; ‘ ae i (" 
* aad ae? : vote ie + @ 
— es a : b * Fd we 
-) 4 a . at 
- “3 f bi alte , Bt 
< e : : a te ey a, . y E 
a 5. Ty ve af . 
3 \ ir Mis. 
. ‘ ] 2 : A 
PORN Re Tre ore SIRT Ee ToT PPT eer Treererrrivrrrtrryr rere TTT Tee 
aoe Reproductions supplied by EDRS are the best that can be madé 
wo My. , from the original document. 


_ MATHEMATICS 
_ Stuby. GROUP ° 


On ee r 


US DEPARTMENT OF HEAL Tht Lee ‘PERMISSION TO REPRODUCE THIS: 
NERIDRAL (aSTITUTH OF MATERIAL HAS BEEN. GRANTED BY: » 


r EDUCATION a 
THIS a HAS BEEN “REPRO 
OUC@D EXACTLY. AS REGBIVEL FROM 
THE PERSON OR ORGANIZATION ORIGIN 
ATING IT POINTS OF VIEW OR OPINIONS ! 
STATED DO NO? NECESSARILY: REPRE- 
SENT OFFICIAL NATIONAL INSTITUTE OF 


EDUCATION POSITION OR POLICY "TO THE EDUCATIONAL RESOURCES 
’ INFORMATION CENTER (ERIC)." 


. 


Par 


CALCULUS OF Vag 


af 


_ ELEMENTARY FUNCTIONS ~’ 
Part Tl 


Teacher’ s ‘Commentary 
@ (Preliminary Edition) 


. . . 
- . 


Ce Oe CALCULUS ae ae ee 
“pe "ELEMENTARY FUNCTIONS © ow 
: ae.) || eA a oe 
_ Teacher's Commentary. > 6, 
os afi a (Pieliminary Edition) ; mn -h & . | Pa. 


4 
. 
‘ 
a ‘ » 
| . 
: Fe ; 
: Ses ’ a 4 
» a ‘ t 
» ‘ A 
é. . 
f 
a 4 9: 5% 
; ' ¥ ‘ 


lok setiitg lu ttal a al eens win participa i ti 
Preparation of this volume: 


* Sarah T. Herriot, Gunn High School, Palo Alto, California vo x 
oi Desmond T. Jenkins, Palo Alto Senior High School, Palo Alto. , - 
2 C. W. Leeds; III, Berkshire School, Sheffield, Mass. ° pact 
~ « “Paul C. Shields; Wayne State University, Detroit : 
* 


. ; . 
. r ” fa 
e ri) ‘ ‘ 
‘ $ ‘ = 
r “ 


, 
e 
‘ ~ 
. 
‘ ~ 
~ 
gio ™M } 
a \ "gs 4 
* 4 
A ‘4 Py 
ads 
= Ps 
ve { i , 
7 1 
a 1 
- “ ‘ 
a. . & € \ : nee: i 
’ ‘ ’ 
Pu 1 
4 * / Ae 
a : ty = ary ae 
2 
eM . . 
: te 
« ' . ‘ 
wh . i ey a 


Financial support’ for the School Mathematics Study cnt a been 
provided by the National Science Foiindation. noe 


td 


* 


« Permission to make verbatiga use of material in this book must be secured os, 
y / * from the Director of SMSG. Stich permission will be granted exceptin °° 

unusual circumstances. Publications incorporating SMSG materials must “ges 
include both gn acknowledgment ¥f the SMSG., copyright (Yale Univer- Pr ae 
sity or Stanford University, as the case may,be) and a disclaimer of SMSG * 
endorsement. Exclusive license will not be granted save in exceptional , 
circumstances, and then only by specific action af the Advisory Board of ; - 4 
SMSG. ” ‘ —_— , “4 


. ‘ 


’ ‘ ’ + z ° “4 
Mp i ‘ ’ 4 
© 1968 by The Board of Trustees of the Leland Stanford Junior University a 
\, All rights reserved ’ ms : Oe fo 
' Printed oe United States of America ¥ ; 
‘ = ad a Pls i i ‘ ; 


‘ : ‘  * ya. ae oS 


‘ 3 4 4 4 


godg tig + “Heachents Commentary 


Ys 


a ' 


. Sanh pO Sea a “4 
' ; vat ; i ee a ' 
“ae Cha er 7... * 8 * a ake td = ee ee ee ie | 
ap nen 4 * 4 
‘i ne \ et . 
LJ 


tee Pf i . ae 7) 7 Ca oe 
" 12 eeeeneed ‘s o e s ar ee ee - erenker 
fe anal T#3 10 @ € Whe o Ce Sr ee rr a nr ry 

+ i Th * eae foo eae Gia? a se © © 8 ele 


ike SRG aes PER RRR Ee 5 


# 


y ' i : 
is Chapter 8 *. WE Re @ 6.3. * Doe Cte eee 0 
* lle 2 ' Wy eae ; ; . 3 
me 8-1 ¥ ar a. eee © + '@ 4 * © © © © @ of 
; ; ” , 


PY Age Bins nty fen Nah a gens Bae Sse, on 
Bele Gens ha Shek ee hee ake 
Bis: hed: Gb Xe nk Bae ohh ck eh 


De sg Naas Gh. wat oR G -H-err ae BO hae Sek 


8-7 Pid * @© © © ef © © © #8 «© @ 6 ott Be de 
iy 8 / : os © © @ 6 ee 8 © © 8 oe 6 well hl le 
t 8. DG a ee alee ee dae 8 * e© © @ # #8 @ 


1% ” OS akise ae ie Et ee Bas te Eee 
a a ie . } we 3 


, ‘Appendix % ue @ @6 a . . © © @ ee é ee 
‘ ’ nt 3-1. ye op ee 8 8 Oe 6 8m Oe 8 . 0% 
A3-2./% ee, a .) a ret ae, SL 
. a . ‘ 
; ‘ : at ae Appendix 4 “ee ‘i, oe ©» & © © © were +e . ne ee 


ray 


BND kg ee RE PRG Hele 


Tatas © av? Rigae. 4 6 Rae ete a ed OS Hea ae 


%, 


S pt ae 1 ALA3.) . ‘te © © @ © © © © © © © © © © @© 
F- eS, ; i 4 - 
Abe. atk: "Sache Aes ie ce 
vey re 
‘ iar ’ 
dq * 
‘ A ry ‘ 
P er 
‘ } 
: « tt ' 
: "J 
‘ ’ 


4 9 e > % re ‘ ' * 
ca ; e gee 
: a i Since’ “i ei 
a a i ; ‘eo 
+: mY 4 ; - 4 
, i ‘Teacher's Commentary as ~ 
" be ee ‘a, . 
a agers 4. Chapter 7 ° a 
ro a, me! as Sang AND tu eTBORAL ae vee 8 
t. . ‘ Solutions Exercises atk. 2 ee 
foe Gb gle a, Aap cenl”® 4.0 es 
hg AAR ae ee Ege, ae pote 
‘ ieee . Lak 
me thes 1 1. : a : 
ea es (a) G Br By cand < tae dy ; ah a ee 
a 8 a a2 6n La 
= ae (4) nes Bo <A) <i he it ee ay. : 
ne a “ 6 Te 
sa ; 12h = HAO) < Be oh | iene 
(1) n= 100 BB 10) < Bi : Y ai 
6 ,567 6,76 ; t 
1328 & 56°son ool < a(1) < 36tbo5 * £338. a 
C8 Ge) 2h. Lo typ caves cath Be dy or ee ee 
~ én= je 
ee : “ay n= 5 aS ) < a(2) < (55) . 
\ 48 88 “i Pag) 
vs eel hats . ae 
eo 6,567 
. U4) n = 100 8 (35500) < a(2) < | 
6,567. oe 
2.63 ~ 3500 < A(2) < 71 _ 
(c) rx ox and A:x-a4+x3 ? * ; : 
' 3 * 
(1) If x “5, then a()A= r 
a + fe) tf x = 343, then A313) = ies ak ae 
ae 2 
Wh ee pe is 


- 


4 .* ewe sy i “ae ® s 


2. tx)’ ‘Sum of the areas of the tntertor rectangles: [t : 


"XH x(0) 4 £0). + 22) sat ty) 


a : < 0+ 22. aps owe) 
oy a | 


\ 
: a 3 3° 
§ =;l0 +1 + 2 * 3 tees + ce = <1 a. 
ie bs ie i | 6 
| . ’ . 
: a Oe * 
ie,” iy. rae ed 3) * oe 
». n nh ' 4 
ge <s h ’ ; . 
x 2,24) eee 
fh i n * 2 bad . i 
Hs Sum of (n.- cubes: P 
ia 4 ( f , 
. . ( - )i 2 a 
: (n - 1)?n® 
p hy ’ 
~ 
: (yr ~ Sy dy. 
nds 
. 5 *¥ 
(v) Sum of the-areas-of the exterior rectangles: (t's x 9x3 }' 
Xr eX 2x, * nx | ’ 
hha) # BE) 4 ose + mi : 
ale 
ee / 
71 
i? s : = 
4 
ta \ } 
° hhh > 


OO A)! 5 6 5 < AC) 


; Og a ers i im : 
tg Se ne a* 2 ie 


4 . “* ee ;, ae i 4 


»When no, we have es: () <* "dee, A: x>EX ae 
et y af) } FS "eee 


< ag) < 


(44) ny 200 GBB cau 2 


“on 25 < ACL) < .255 


{ 


eg -2 + )) < A(2) <.16(¢(1 - cle “3)) 


; , rc 3.92 < A(2) < 4.08 
ie eos : , ; a 
(e) f: x +x? and. A: x +f " 
bop ‘ , ; ' ; 
og ie (4) If x = 0.4, then A(0.4) = 0.0064 | 
‘x (41) If x = 5v2, then A(5¥2) = 625 


| 3. The drea under the curve y = 1: a el 


7 


d re 
The area under the | curve -y - x? AS *T 


,* 3 Therefore, 7 area of the shaded region is 1 - i ae 


4. The, wceiiiect dl points are ‘lo, 0) and (1,0). 


: The area under the curve y = x: Ad = b 
4 if | ; 
The area “under ‘the curve y= x? AS = ; ; 
, ' ‘ 


- Pe aya 
The area between the curves is = - 5 = : P 


1 ’ * 


+ 


aR 


5. " tntersection, re are (o, 0). and . 


Oy 1) 


+ 


fre r tx ot ‘and’ A: 
(then AQ), “3s 


fre ae ana A: 
(thea, ag) = tf: 


ap * seen of. shaded region = ; - f° 


. - 


6. te exe bie ee 


#0) = O # 0 + & 


£(%) - a(%)° + v(2) + ¢ 
3 (EB) af BNF ¢ 12%. tee. 


Le 


£22) = a(By® + v( 4) + 
Peis tech 


: ee =e) 


“e(%) = afB 2+ v(B) + c 


sum of areas val abi d ates 


Htotos Ee axe i ae 
a : n° er fr 


Sum of a — exterior rectangles: * 


+ Sh, eee pe nx’ mae ne 42x Ree high 


a oil! Hotty EE 


“a % 
\ 


4u6 


Ce | 


n 


9 


ae - Ase eit ~ ae F 


y 


522 
x] +plo+% 4S ees eae real] 


? 


+ BS + cn) z 


_ i 


op , , 


« 
> 


_* It, follows that the swn of the area of the interior rectangles. simplifies 


apo +2° +3° tee t(n- aera 1))4 Cen} 


Ss aoa a Dros, 


it follows, ‘similarly, y, that the sum of ‘i areas of the exterior le a . 
set sacha ‘to : 
oy im OF rete cath Mas 2 o'g een) £ on] 


# 


4 


5 re | b 2 nln ayy 
+ —s)] +: 2X ] + fex] 
* ‘ n° n@ j 


3 Z 
oy ty OH 4 2 
toe tga + stl AS) +e 


- ioe we may now write the Anequality ; ° 


iL . 
2 eg teh g BS Ls ‘ 
£0 +2 ve 2) + ex < Ale ) < < Es tele rs +—g{1 +=) + ex. 


a 2 AVE As | 2 a 
If n 0, we have 2 eo cals) 88 + + ox, iee., if 


£22 ax" + bx + c,. then under the conditions of this. problem’the area 
in the first quadrant is . 


A: code eboe ton 


° - 


Note: Since we know ‘from this'’section that the aréa function A\t x ex 
corresponds to the function x +c, and that the area function 


. es 


- : At 
Aix oe corresponds’ to the function x bx, we. need only work out 


_ the area function A:x +5 ax>, corresponding to the function x aes. 


5 


Assuming that the area function of a sum is the sum of area functions, 


then for the funttion, . ' 
\ 


f3x ax +bx ec 


the corresponding area function is’ 
a’ ' 


bx? 
H ax” + a 
.3 3 ae + ox 


7 - > 
’ 2 oe . ish . é \ 
7. If a>O then c>0.- - 
. When a>0O._ the parabola is convex. Thus, all that is necessary is that, 
 the"y-intercept: be non-negative. ee : 


If a.< 0 then - e>O. : 


When a <0. the paratols is concave. Thus » the y-intercept myst be greater 
than zero.  . ; . 


8. fa) fx sx +)y a=1>0 pnd c= 1 >0 
‘ ' There is a non-empty region in the firet® quadrant. 


*, £3) tx a2? 5 28; a «280 and c= 0>0 dios - 
There is a noticenpiy region in the first quadrant. ie 
(fe), tt eo ex = 34°5 a= -3 £0 and os 9 FO; - 
" . ‘No region occurs ‘in the first. quadrant. , 
age Fa 
(a) f:x3x-1-x°) a= -1<0 and ce sl POw + ; 
. . ‘No}region occurs in the first quadrant. 
re “4 = 7 4 , - 
9. (a) Fir x 9 2x + 6x ot A: REx? 4 Bx + 3g 
Ca XS: ot - - 
‘¢ (1)- A(1) = 65 » es ) Mc Sey aa a 
a pe 4 > 
{it) a(3) = 54 Sa a? ; Te He : if 
(e) ffx 12x? $038x +16; At wbx? + 19x" +16 * es es 
, , 2 a 1 
1 1 iG 7 ; 
— AY AG) = 13 F , , | 
(af) A(1) = 304 ” ' oie 
;: 2 . 5 2 a : ‘ 
a hey ffx Be + 18x + 18s At ge ae Ox, + Tex < 
’ : w = 
(1) a(o) = 0 | . : , 
(41) A(1) = 20 ge ; ; 
(144) a(2) = 52 : a ae 
* (iv) A(4) = 128 
‘ i . % s 


£4 43,4 2p kiaoke? box 


e 6 Meat - ae A(2). #1 +h = 5: re 

ap. °* ‘ Area OS mara ‘circle : 

, . , : ay =x : " i ag 

i i = Cot , 

‘ 1p ate : ie is al f 
ew £4.44 (Ares of trapezoid ORST: ‘ Be eee 
ee ei. 2 rer(e. + 3) a3. ; bi aed te ty 
5 , y ' - ' . ; ‘ e | 
\ fe 8% 8 Area af shaded region: 5.4 nk 1.86 sq, units. , j ae 
" : -Biret, find area under outer catibetin in quadrant 1 
ae. Te ee Loa . ey Ne + ie 

* ih : oP px 9 ox? + 93 A 3 -x.- : x3 + 9x : 

Fi if : tt , “ § 4 " ¢ 4 A(3) = -9 . 27 - 18 i is - "4 

. hen, fird area under inner parabola in quadrant 1: . 

“ \ re , 2 2 v ; f. =x = . 3 ° + 6; A 1% ae ¢ x? + 6x 

és; a a. Os ; 

ae < Pak" bg Ae Hi See 

p28 Therefore, by subtracting 

: and doubling (making use 

scinrgsetey? we have: - : 
; \ ihe ae of shaded region = : 
. 218 - (8), = 20 sq. cite, 
og ‘ 


“12. (a) We wrareee the sum of the areas of the“éxterior and interior 
; rectangles: « é 
ie A(x)’ 8 . (1 + +4) > , ae : , ~~ ; 
‘ en ; 


4 ‘ 


3 
If n=5, AG) FO + 3) ah x3 


' ' a) a ‘ 
7 ed . ae nad ' if y + ve ty tee ty 
{ ‘ f } 4 ate ' a ’ te au r i 
ne pee, Fa at eh ji beg ns ee 
% ” : ts ‘ ; 
iit yr 14 St . s A Ce “ ie vom ‘ ry 4 
‘ < a pe? Sy ey we " bide ry pe oat : 
. ra “ ‘ q ‘ee wi , ‘ ae 
ew Rik rete, # \ ; ~~ ‘ ! ‘ ‘ Pe ee 
BO ’ hitec i] ' r , ay je s 
rf a te « 4 f 


rea 
oa ‘ (0). "heme “the areas ‘of the five tray ezoigs we get nae hig 


i in * a2 
taal AOD #3 He(o) +231 +d s ge tre. ep ego as 
ae *, r £ : eth ants or +2 +n basi dina MePheTT 
a A Me aL Hops eC) «1c oc) 2c +3 2 (3 


eae: Ge 
fo’ (24 Be + + ty?» 43h) A ee 


JN ty gee A + ae ee 
Bet eg ae | a a te te gate + bo. 8 2, of he ee 
oe fio ne ae tie = a ‘ is, Pee ay” Gey Gy 
J : - Ray 8 ie dc sto ‘ 
! ! 2 day ‘ . 7 
pos ils aon aati rectangles with hei ght* at, naplae of edhe: eT Le ee 
ager aed aos “ x, ' : ‘ 
te Me: = tet) * 2 2x) ey we(Ph + Gr, Oe osX 
t ' Ma iy at oe ried ’ . 
fh . ; has ee ieee fb aed ; ra 
ee Pe De HG i) * Bg any? 4. (Dy Sa eat At Me 
mp ‘ ¢ " ¥ eer o 
, Ft ‘ i &: ye jo QM Ste 
eR Sd 5 4 an Mp ea 4 o @ 14 
- Sp Se oe ate) ot ae: \ ee a As i a oo ve Rel. Pail 
Leap Tee ge AT rare + 3° +> +f +9 mms Ae oe, 
St ae, Se Oe, eS ee (3420 ee es eS 
2) ame. *, , ' 4 ty! ' “whi foal eg RS" 
hee hy are, ' a8 
ay 4, (a), Wottnate as and (v) are the same, a fact we might: Bispect, saa eee 
‘ ae , : Peon 4, 
“ \lenentary. esophtry « By. comparing the: ffactions. ‘e And | S* oa pet 
naa Ns ‘ang \ ‘ ’ * 14 ‘ 
ric dia OR to. 3 » we see that the midpoint formula “Lay slightly better than ee We 
y Lae y! ea. nih ag 
aaa y . the trapezoid ‘formula, : " ee a 2 a ae “ ae 
y , . : i, i . ar 
toy Ky ry i wi if 4 oe ds > Ase ae , 4 
; ie are tier,  phck< g daring oh, ‘ ei ane, 
sc Gare ara Bea ee em, A gt 
gee, us 3 Bg 100 4 108 ee ee ee 
it ae i" a 300 300: yi a ee ‘ aie apa we Hey 
‘ pir ; 
v ry “there "ieTaiblens ror oe *. in using the trapezold (or averaging.” baat FS 
anata i: : e -%, . Urs de F wong ‘ 
FP ta a | Anteriop « gxtertor rectangles) ; ‘there sis an ie oft 00! ia Shane pe he 
ts ae a | sapl Lh iran 
a Ne a wotng the mihi aT ha Ma, oe he me oe iy ‘ 
ig ee ; RM ogre a ig 
Ha ae AN Sy a) § is e o \ i, 4 gs ‘ :. “ ‘t f $ em . ey Oe “i ; { gt 
: ee $i. ae ‘ Saag eave Motaly de Bh AG lh Dt bal 
Dy Py Tae ‘ : y ‘ ; F ‘ pe de Haigh att / Ki 
iy e Goat he ye ” fh a 4 ete 3 a Hastal tg tn oer 
RE Re Nw iar ‘ uke ¥ ae ee et ee eee 
ce a ae cat 7 1 ' ie ' 4 oN ee ae eee { Ae a eee 
i wa * ‘ i ' ,! : l ' ‘ Ma tiga ate sea 
i i l of * die ; *, . és « . 4 9 ey ‘ He Je my 
‘ F ae are By he { wef "" wee sy ee 4 a ar 
re! P ‘ \ . he ? ‘ . * ia bike o ‘ sige re eee 
7 ‘ 46 ‘ 4a ‘ % a) ty i 
oe. : ; Pgh Wt ar wt ou ee ne, oH why a we s 
et, OP ae i i Ned ars ie 
' ' i ; : hehe we tig 
te os ' ae e's &. is fam. io Pl " Cy Wey , mi he! ‘a ir 
1 4 *, 7 d Be a TA ei NG 
rary a. we * i oom re , ye ea oe : 
Wing 3 j { M wae ek get ong 
‘ . he oe PS re, 
5" wy, the % ' " , “e ae A eae | aul he hi 
ae le re et ' ws ‘ Ae toe age BOE Sy yg 
A ky ' ‘ bi it e # #. ta i igh rs pice a oS Pe 
by a. ater . 5 ro i ye rs ui we de: x 
Toteet Go 4s sie ‘ ; ii a ' ‘ ith in Je ot * te ropa 
ily " j vie i F, xh 
a ” 2 te. t ‘ et lets Fh dae 
; an , Uh gt ‘ ; ‘ f oh | et \ CENA 8 
Po ' ' 0 a va : 4 ten tS 
alk 4 i ; Ds cj et u ee, ef eae ai bp Rey x i Vb ie wy ‘ae f 
rr ' ' y ‘ ! a iv rel hee 4 ) us 8 4A «tl ; i 
ee) of at ee e.! ft ok ee be aes! 
et 4 nl “ “4 k ; i: bi \! ‘ ; a a) Bt: t 
Mane Siku We oar ee 


‘Solutions Kos Me 


(igs PAR 4 3. Be : 5 fy 


eK 34 and ee this implies. that. the graph of if “18: entirely 
‘ above; or entirely: heloy, the graph of & whet “Igs2 x! i 34, We: ‘ptck : 
an interior point on ‘the interval, x = Oe. Evaluating | f ‘and gs 
ylelds (0) = 0-< g(0) = 3. Thus, the ‘graph of f is entirely 

*" beTow, the graph of 8 when -1 <x <3 and f(x). < g(x) / when 

ARSE S 1, ts tae conse a 


if : , 


i 2 fo | By’: (5) 2: is known "that. for f(x) < g(x) and, 4 dx € _ thet» 


- 


fi) Qa | 4 o 3 Rig y4 


For, ft : ‘oe then F : x 95 1s the ares funtion: 


BS TR j . ae 6 
4 ft. \ ‘g. We veinfovss (5) by this numerical example. | 


| For 84% 42x + 3. the area funetion is” @: US + he 


hain 3 
Sn Q er f= F(3) = 9 


‘ 3 , . ‘s 
| Ih = 6(3) = 18 
Ca eye 


" ‘ ary | 


. 


‘ « 
‘hebvve Ab Uy 


2. (a) fr xox ed | 


i ue i mm tots, x71 can . 
Fe We need test only the and 
aoe . points, since "(x)" F Q° for ay 

‘ ie bat et values of. ‘Re | 

i. ale 4! MY: i 

om | t(o): o eh: =m Py oe i 
e 4 ‘ A \ ‘ 

4 mn af &, (1) = 2 =M . ag ob ay 6 b ; . a oa , 
a or ee a ee m(a = 0) <A(1)<M(a-0) °° «+ a Sea hee 
ee Ag Oe Baty |e UL -.0) <a) < 21 ¥ 0) See a ae 

~, hk & P 2 4 ‘ . } é go ie ee i 
fa 7 a ~“L gall) <2 4 A abe wy, ar. 

ed Oe rh = » ff ps te oe Ae ote Ae 

7, 0) eet ae ; ee are ee ba 


ft; x 4 2x - 2 
e ‘We ttust test for relative... % 
’  betremun, as well as. end- aan 
we ob sees points’ . 
gS ee eS £1 (x) = 0 when x= 1 


ae -£(0), = 3, f(1) +2 and 
rg £03) = 6, 
A ‘Thus mn 2 and. M = 6 . 
: i ie cn winbsicn BA oh ye oe es ad bare 
b Beate P siPatete: > Hutt, mene 
an ae “. fer 
3. ftx+3x+2 and go ee’ Cie etna ge 38 
' ' ; : ae 
a ee ere ¥ 
ae | » x ‘ ‘ P i ' 
‘ | te toy % - Wg 
0 ’ bE 
a ‘ Pie | 
pat 10 10. 5 ‘ 
i t ‘af 2s |. £ - f ; Mae ba Ret 
_* Va 4 5 ‘J O° 0 7) a ; Seen . ‘ ’ 
= a 20) -, (25-28 -'101 hs ae he 
' an ved ' ; 6 i 
ic? 4 : = 2 . a " Hy ago ay ey day Vee | 


i ml ‘aa at ‘ ee | ane \ : ; ih at ‘yobs ' d 
' j aa, fo% ; ; i Ae yh a ae 
ae eee ered rh) es Spee ata lone 


4 : 
1 , j | 
‘ n ! ’ ' 
i 3 z ae 4, wo righ yl 
vo ' a i ‘ y a | bs noe “aN 4a hoe en 
. \ / dl : ; al I ' ss 
452 Pa cu ee ee 
52. , it EOE tee oe i 
‘ “oe \ iy ms : vy me PA sa 
. shea mie. F gil es Va k 
t } 4 ; is } ; te 
a4 ar Be ee a8 Boi I o BED ay Nal 


es, ~ "i ae "4 \ Te naar Se i 

a £ : ‘a ‘ie 1 . if . | - t ee 2 -3 
aes, ies 5 pe 2B +10) - - (E52 av2 5 ihe ae, 
ee ea ee tee Oe 
; ‘ ee ' ae a 10 || - * "4 — : 
ro vas Rs r wg ‘( B= ve ie a : . 

Rte ed om : wae ane: 1j5 | ‘ 5 ‘ ae aaa : ha 


1 a oe ’ : eo) owe 
> a $1 x + -2e + 20 and Bt x 9 62(x -h) + 20 Fete r 


“ is ‘ 


ee ee Ce Select h, = 3 then a(x) = f(x ~3): Substituping we find ee 
eh aps ea (1) = @Ch). Sg th Babee fe 


y es 


sn Ob) or ft £ = +x ey 20x. 
0 if 


Us a ‘ x ot a, ) ae 
e no l2e@=} 92 = Qh + 20°, ; 
ek . sO, ie Oe 7 Z 
“yen : 7 . ers : at 
a et), im 9X es 2hx + 20x a 
rT Ss te ee rot 


haere " | x ‘ ‘ % : 
“48 eS cs GR -x - 6x + 20x 
ed $ , , 0 j 4 


= - +# Lhx 


ra + 


- ‘ , ’ 
ge 16+ 56, 


° 


bey ‘ 
w! t ) 
. ‘ 
I. ' 
Hin fe 

* + 140 ag i 

| ae 

¢ i 

fps 

. we 4. 


Neg bee ie et i nm d ' ' ever ee 

ie fu i, ) A ie t ‘ te i? \ ‘ " oe 
. ey ; . ; ce \ ‘ \ ‘ ' rEg 

4 orb i \ a ‘ ' de, hic 
yy t ‘ 4 \ ne ; 
. ‘ Y ‘* ; {ie 

sey an a 4 Ve 
a q's = beet ‘i i : ; ‘ at ‘ 
‘ i” ‘ 1 s hag ia 

"5. 22x 93K+5, Br xox and hi xl” : : 
| s . a e i" tf ' . , yp at . 4 can 

me d x ' F S & a.) ‘ "i iy ¢ ; 5 

‘ ‘ re ha - { iy T > { ‘ ' 
; 0 fe Bt 5x) | i ii bs ox 
7 " ¥ a" et ie a 
a hoy ‘ Q:. ' « ei 4 i@: 
Leeig ' gwd ’ . UP e : my) : 
hae isn : ; if i 
j on a . * st 
Hat 4 2 f pi © { ‘ » panes ‘f : ts 
ee’ F F $ : f F ‘ / age 
vu : h =.X ‘\ i Y ' / a on 


‘ ‘ / id = f - | " : F 
‘y) a ; x fo) fe) if : f ame wil 
a : 42 if a2 : oe 
= cs + 5b) a ae Sa), ; or 
= eG kak oe SEE vat 
' 0 B= 2 a bbe.-' 50) Me Sp me Ne 
4 it ‘ee *- ‘ ve {* | Ma 


: bos ff 
e+5 h-5 
0 


Thus ' 


i PC) ee ee) m= hx +5 


4 


94949) (E+ 2 43) 


‘ 
=, 


ol 


f 4 m4 5 ® oil, 4 Ni. ; t" agg wl ds ess of ae 
ee Se clan agus’, StH 
ihe) Ta als x, ‘px ane F , . b. 


bP A PO ' 
ST ULAR EAE | 

ON PG) BE DM oN 
atte i 1 s ‘ Ls " 


. = px? 


as ae { 
Fie cua 


aM 5 


ya) 


Me) or 2 ee at © tap okay gee 


7 i : 5 ‘ : ‘ a a a : \ ae as, 
(ye ot eRe, See ee 


« yt pe he 


, pe 4 
5 ait Bae pte de 


1 6 ‘ F ' ‘ é . wv 4, > } ? ‘ q 
fi j e { ‘ 
t ‘ J 4 “i a 


a oe t 
1 “Since | ers = ata: 


2 ae ston i Ys 7 | ais 
jt ase t= #0 and [Te ere Fla): , . Ss 


3 t Ba ; , ie 


oa Be a “+ px *q ee 
e ™ ¢ . a 
REN ous. oe 


OS Ne ad ana) a WBF + 3(Dx° + 2(S)x + b ue | oh 
gh A gS as ve ; 
2 oNhie y ‘ mt | ; ' Ai 
fi " ey RA | va pel # gx? + rx 4s oe °. 2 
b,' (> ta 
: (oe) } eat ig-'| B , | 
“ie Je ge. 78 \ 
H y 1 ; ~ 
- : , + 3 x ; b P + ; : 53 ae 
’ Bince. G"(x): = g(x) then [ g = G(x) thus | g = G(bd), ° G(a). : 
\' se 0 Ja A ig ! 


ogy G(x)*. = R(x):4.100. | . rie ty ty 
‘ae G*(x)” = B(x): {iiplies that ae = f(x) also. an om Be 


. 


t F bd b ‘\ 
wo 
We ‘) Stnee f # (bo) - F(a) then a a G(b) “ G(a). 
ee as, . a ie “ . 2 

10. £.2:x + |x = 2| 

, ea Af x. > 2 
— aot ay a a a ee 

ha The Peis ax #2 iff x <2 } “ ee 


alg” A peting ft) tf ese and Paty i eee FT 


fy * Pi ‘" bo x 2 , 
tenet i eae 6 oc a Lae ; 
ae fy B.K tox QR and be rt 2x. a ier eres ge #5 u 
ia) Be * Ny j ", f , ‘ x ‘ x 4 Re ig gies ve " ‘ ee wt aq uN a 
hyde ty <i Lxox-s2 and. |-« fi, n am 0 Ox. *. we ie ee ee 
vip 4 fo io Le 0. a. ; ’ Me sted ; 7 < Ft 


, ? ra 
— ra Dig IY a a ‘ ‘ 
| ee “ (>. ved eS 8 Re. OF ‘ 
i er . ‘ c =o Ne a4 bh 
O°, 0: i ; 2 a. “ x “f. , : er ; ie Moe ; 


‘ 
bg eh 
‘ . tad 
a ' 
‘ 
{ 
; 
nett 
* 
fs t 
! 
1 


a t 7 xa 2 a a i ey a Or. ae, 
Co We want. ato) § = t(-10): ‘and e(7) = £( 3, tia Recitation on onsen ag ’ wt 


‘ : at g(x) = ‘e(x + 20), Then” 


' ; ’ * : " “ 
ae ‘ I 3 v ‘¢ “ 
Abide ‘ ist ‘ P Rh oe, fal Ge a d 

\ die ; mA BS ‘ - 
Pe Te ‘ ae | 710 ) 0 ‘ ' iy 
_-f , we al : : : 7 % ; f 


oy ce “Bt xe (x ~ 10)*~8,x° = 20x'+ 100 _ ar ee Pe | 


a ae a |g = = = Lox* + 100x ee. 4.4 OF sae te 
‘ esl oS (oy 3 Lf t " ( A a 


Bt sat a . a sin Wwe (9 af : ae ne Pa 
pe Sato ANT odors as 7 Jo 2 243° _ 490. + 700 ya: Ne ake EO 
OLS ty os b 0 3 et: ae eee es 
rar i i na 
poh LAME CE * a \ 3 3 : raw ae 


‘ ie ‘ie. “Let divndte= a then — gta 8%, Be es aM Me: 


e ; ' 
i . a te . th . ‘ | 4 - 
phe tea thy (>, bra’ ’ vai a guety “5 iS ok Peed pally 
jt + ‘ ey 1 
oh fia 4 V ow ene Mio J aj daa Ty Shy oh 
“ igh ey 
‘ : 


| ae ae ny Bg er Dy ee LL as 
es eat ie) 3 ae edi , { Be 
' Since 48% then O0<b- a oe 4 : 
‘ ‘ * 
+ 4 . i é 


pa hg oti ay +alx - a) or = ot reer re “ah # tro a WT oe 


, ‘oa P cas px° #(q- 2pa)x. pe? 98. tr seri ee " 
ir ah : ' h ; x 1 ‘ie 
| tes . f g +8 s + LEB Po (pn? > qa x ere 

‘ t 0 : 


. 


gh ny oe 
1 ‘ d e 4 3 4 ‘ beg “a Bp Pe aa a) ston an a) a) 


¢ 
hy. 
ee 


| a >" -e ¢ oF a= Br? - 3b“a + ex + 53), Ci 

ee ae. y ar a? . “4 + La yEBe (pe - 2ba + Py ba ", 

. we y i t bE aa . + (pes +:ga aps r)(», +.a), ae a pei 

oo’ 8 Rpanding and collecting yields: a or = ' Nee 

he GF EE os 48a 1 '+@ . Ms . ¥ 

b Sn iss én ' i 3 Py : : .4 

she 3 F \ B= (pb * gb? +9) =O “+0 ga ra) ey Ora, os 
ie ty 1 P 0 f : = ta z 

oy QD) = Pla) ee : er er 


we ie 3 eye he a | 
| { ete ay, 8 OR me T ar 


. 457° | : { f ae me hed , Me 


to ( ts ae 4 Sts ie 
1 H we 1 \ ae ee | 
We ah oe , ee 
at. *E r A ; 
* + 4‘ 1 >» Oe 4 i 
‘ vig ; i 3 sre 5 ’ 
ee ie 1 ‘ ‘ ‘ j or 
aed { ; \ 
ea ttt t aed 
“ 1 


ane evare ee e bale sae ae Sees a eee ee 
a ele Pet. 5 ue ) A ae getty & 
, fo far. gooey aaa ; F i , 7 . ' 


ey i; ; 
gant” " * tN 


4 Me re : ax) f ; » ae ca oe a 


> 


a ge “es h(x), "¢ <x i ED EA ii ‘ tay i 
ae h(x)'+'0, a<x<o: © a bs tite 
oe £0 + atsy's “f lb: we Te ete tee 
ge 4 be | oath), oo. 2 ee ro 7 a. Hp oe 
ba . 
At Bab “ated +0 ) = 0 + nlx) = h(x) | seh eet 
bath 1+ ie ‘t(x) eines h(x) for a<x<b | a. ae _ & get 3 
an ee Pte x en b c rh Vre’. ae 
et Ae Ps eg) ae g by (10) fat wae) eee 4 Pe 
aa)  e &. PE a og ] gJ 4 a c i ja ‘ bs i : 
ne r . b° a : ; aes he ne td 
- 3, because | 0 = 0. Similarly Ay Be bis ae 
_ ’ ° i ks | ' a 7 = : , ar " oa “ 
¥ ° ee, ey ee ee 
rr ‘ 0 '+ hs ch 4 ee A iy 
ta. “page ean O33 c : ae aH ee F oe Bie 
i 4 ae ® a) 1 
& 


ke rode yn 262 - 2 and ya A 


c Let vy = y +2 ‘in order to raise 
/ a. _ the. graph two units. Then 
fi ts: Bis £3) = vy = (2(x~ 5)" + 2) +2 
i fet ‘ and (x) + = a = 2(x - 5) 2 


otic. ome ‘area, in apautdon now becomes the 
ease Z _,, area of | []asen less the area under 


i ae ‘, hie graph . of: 'y. j rg . 7 en 
: i ‘ si : oy be ! Che 
vi sg the area of, Clazep is “4, ‘since id oa 
7 as oe Au ‘(6 y ari i 5.05 ye = Ate 
7 , sate a [fees ii _ ae (ey pt \" f r i, ae dq 

i me ; se ; he! 


‘ Pa vil F ) i } . és ‘ % ogi Wo, Ms 

, Z , . Ms ; a ms oo , HES 3 
ton . ‘ ‘ ” ' : ; 

: ; a ; 1 ay as v4 ye . we ie ai a. A \ 

’ ‘ 4 ¥ Pr : ‘ ge . eA ee are ase of 
‘ ; iby, oe Re i a , a j fg th aE 

< | “ : ‘ Fy hen =“ ¢ : 4 ; A ‘ 4 hy it , oe 

r ’ ny 1 ' ' aie 

fis dew ay te, Roe ye oe ee ge oe gD ge ea ee Pane pete Say: 0 


4 ' ‘ ; ' cya ape ; Pictu ¢ hanes | Pa 
ie ‘ om - “ ty bee 


‘ ' ‘ ar Me ky ey 2 ! 5. oh “4 cee 
“(The area under f,. from 4 to, 6 vis ef f, by symmetry, © nin 


ae a ~ 


ce Fi vf ; y ‘i x | fj ae x a. — ‘ ‘ bi . i P ‘t 5 : a ayer % 
se Ps { 4 2f ett, pad go, Fe eg a he gh BD 
ee Se aio | ‘ 4 i, 


ry 


‘ | cy - a * . ; tr, ta" fh a 
TP a Bo0 125 10. 25 +50 015). E+ b= 10+ 16 4 B00) ee 
i a pp 4 aS ‘ (' | ; ; , eer, nie ae ‘ nea 


3. rage ‘ 


The’ desired area is’ then the area of the reétangle, bye Meme yg aS 4 om 


ii : a 
4 i) 4 rage a: ‘ . ' ie 
‘ . or ‘ ‘ ‘ 7 - irate, b-te8, _ . ; P 
‘ ‘ F . ag os * > Re ~y ax in 
- that's al y Ps ots, + Vor + 1 and glx) = BS ='x, 


voc Let y's y +3) on yy day to ( ‘ 
raise. the graph ° ‘three: units. ' 
ft Let: x > =x+ 3 or x, '* 3's x in 
% order to shift the graph three units 
'to_the right... 
The d desired area is the area dota by 


; | Be are ee 
Fes [ ti less the area found by { 8, 
ns So a 0 


-“4 - 


where £(%,). = ¥y = -(x - a? ee 
Nahm alae ls afP sem 
ana ; a(x) =, = (x)'+ 3) #3 

. aitG iG Woe iz 


fh ot (; p preg bit oA 
aS frm { nxt + AX, = le 
ma i Pe i Is ‘0. 1 ae u 1 ' 


Ne Se Se. Swe 
a , it : ‘The desired area then is |) a 3 ‘oe a ae i“ M 
tree! eee: i “83 he 8 = (-9 + 18) + (2) ye - AS 4 1‘ 

vif a 1° ee eae 4 


ay ' ‘Cx ‘ t , ; airae we teh! Mb, a ae 
16. A(x)..= - where a $%, £%» and fie nonnegative. 9° | ee 
We know that 0 < (ff for x <x<x, from(4), . * 


) | sites Pasi, x * - ‘ r i * ‘ \ Ue en 
; en a ne yy r ( % 9 4 ia i. as i. 
', pe From (9), a | . 


+ 
He 
u 
= 

\ 


He i | Ja x a 4 - ; oo 
4 7 A; a ‘ a4 os af 
: 5 ¢ ' “ 
’ ne P é ; % ~ , ( he ‘ aie 
es eS nn |, oe 
" ‘Ther ' lage f + . ff < i f % f ‘ : : 
a 4° t al 
. t 1 ; ' a x. a XN. « sg ; a 
ae 1 : “1 3 ben 
. - on ~ oa ae 
. x x , fins ale = 
p* f ‘ ‘ ae 2 F 2 : . F ry 
‘ae or , yi f< ; f 4 “~ ae ; ; 
Tes 2 Hg = } 7 
de , i he : a ind Be 
x 
and ‘ : A(x.) <A(xp)o. : ' 
\ \ = 2 “tt, | 
| 3 a Ks it oe 
: , ' sigs 
' F . | ve 
; A . ; ‘ ; ~ 


i ee " a by, 1 
. : " ’ de 
Wd ' end Hey. as 
‘ + 
a ( } ‘ Ar Mey <i - 
e 
? , - 4 Wag, 4 
’ oat ; ‘ : ; 4 
re : ! 4 ‘ ! 
' , ' i) . rf 
tea ' : ; i 
i . d card ‘a 
f 2 ‘ aeuk, Li my i 
! t ! : 
eS 7. ) h, We ag 
: . y : « fit ‘ 
; 4 1 
i ; ; ae eee 
1,4 € A j 
y' ‘ 1 ‘ ib ae 
, y a y Ch ' i F ‘ a 
a, Peet: , oA : 
ws iu en ed) boy We gig u ie ; 
‘ ; : / , 1 : 
: ' + i ay 
(e F ; x * 
me i » t 4 1 
: ‘ a: iC ee) oy az 
' ’ a tf . 
1 4 F r ‘ oi a \ 
4 tr ithe 4 ; : ; 
‘ wed \ ' ; : Ls le ‘ 
: ; . 
, : ~S ‘ . ; ‘ Pes (a 
: ? ‘ : c : a 
\ ys ’ , ( ait 4: ‘ ts howe, v “ mt 
_ r PS od ae ot 
be ‘ * ae : a 
Fae ey Fig Ao 
. ~ ‘ ane) 
C a - 3 ‘ , = 
‘ 4 Hi Ae ! ‘ . . : 
er Yt ' ‘ 460 Y rr ‘ 4 4 eye dad ve 
"¢ <7 i " 2 rh My ‘ ‘ =F 
" 4 ee 1 La oy 
ee oe ra hy 3 : * lh oe 
' . 


: ‘ f 4 . Py ’ 
. t. t ‘ “ 
Solutions Exereiges 13 St a Pe 


, We sath 
‘ 4 4 
ie 
{ 5 4 
' { 
‘ S he 
{ 
ax 


y! 


4 ‘ “ae “of ee ot ge 


~ ah - ‘ Zot \ f t : 

(pb) A(2.2) we 2:261 a oe 

2 A 9.261 i 

' + 00 oe 

me ae % 3.10 wm 
i 


’ i, ge 


201 
bs if ? ' . co | ay | NN 


ae 
A(x) = = - 


+h) + A x: 


‘ 
’ ' ‘ 4 
ade F 4 
: 2 At 
stub A 
} Vey a; 
) 17 4 ha 


(a) vA ‘ 8) mee: : 2 & + +h) ‘ : . mae a te : Sy a 

= (x + hy a. 
= BG (x +h)? \ . fr te ‘7 j A ca " 
2 } - i a a 3 | ? Ke ats oe 


od ‘ ] : an ‘ da DAD 
ae eth 600 ee ny Me pt 
ar 1 ow : ‘ : ; : E 
ey ) oe ‘ ‘ ru a5 . ' . | i) d 
, ; te i 
5 oY ioe BO) rm | : | 
; ’ , , : ' 
‘ it un) ( ‘ f ‘ mh , , . : 
id a a i rou : ; % i y 
" sf 


MA BR nF 8) sh eh Sty, 7 Sane ey 


= Fog 3h" + anix +n) ere 


* ' $ ] ‘ 
201 ma ape 
= Bp" a ie 2 ee Ree <a 
7 Eg a 
ie 24 ia ee 
« 4 
bes tos 
ek ee 
F . Va 
1 
P jig ar tt : 
r 4 % 
‘ wt oar ea) 
"4 NM 
4 kel 
{ ' 
\ ry ; * ~ lige? ut 
a, 
pd wep Ty 
‘ 
, 4 ei it og ’ 
( “ ine 
1 t € DEbeom a ake we ee 


: oe a5 ‘ ‘ 200 ” P 
t oe tty ' 2 9 oe ‘ ‘ . F Ht oe 
ty P 3 ' 4 i 4 5 9% , 8 xe a : % : ee s 
os ; , epi ’ e ‘ mr 
we | We have found an » approx antion of the dér fivative, “BN (x) =) x eee Aes 
weit neat If" f Ae Ateréasing and ‘nonnegative then 0'< f(a) < £(x). < £(b) bic x ne 
eee ea 4 (ai<'x <b... The. function f°. has minimum and maximum. points at theend 


po polnts of the interval (a,b). Mintinun f(x) 16 f(a)” ‘end maximum, re 


pie ake . £Cx) is oe The area determined by” { f is bounded by two, 9) 5 | 
Dear aes or a - AO cae, en oe 
rectangles, ane dees aha and one too large. 


le P \ “ fj ae a ae oe) 
‘ ‘ ‘ ' , “ ont 
‘ f ee) i Y 


4 t 
. ' 
‘ ‘ ‘ ' 


1, , a o 5 at i ‘ ; ue . ' ey i a ee 

a4 iyi a ra \ \ on 3 so 

© he ae Eee BPE ag ae oh “ater it 2 Pge OSs 
iH ' 5 ' ' ' ‘08 7 : , . 

7 ee a . 3 ye OS 


fhe Pam cgce ys + RSS) Se CET e a Fa Rey, Go 


ane ee a a ‘2 x fn i 
one yoo £ ix px + 1 then f = “> +x : : sh tae 
aii Pale ap ft 0 a Wiehe ea 


ate hae un { ae bin Ae ee eat 


We a . a" as ~ a +E 
Lop coe i 7 tae + a ne + Bevin ged) ate 
BT a hy. ae a Ae oo ey 


pray g ogee OG a 1 a enya 
¥ : Sa i) « (4 ¥ ‘ eer Ge 
P 1 _ | | : = G ) a ) . (o oe ; : ee 
be ie ul a me = fe) Pu “ Tal Mn eee fs : 4 a8 
ha ‘a ae a i ‘ : ee “ 
‘te tate | The’ more alert student will see tnat wei are “integrating from: ‘one, |). ' ae 
; od " u 5, 


ag aS A ane to one and immediately conclude the angwer es erect ely 


ta ‘ a e's D ' : 2) ; 1 on 

a eT ee Ith 1+ 3h + 3h’ + be rie eae. 
- x ite : = (2 » Lim, x le 3 a ( + n) - G Ly 3) ye £ hv! ; 

2 gilt ee A at fs eee 1, “yo = vn re cae Lee C | 
Eee Laue ae ee ab bogie ak af 

1 LU 5% 5 toy U; a * ae i : re ws pee ea 

m : 1 — ™ Lim - 6h ha 3H rh ‘ * * fp EN 4 io baa & 


ate. aay. be ons Sb ba Hote Faw a ; 4 i By i pe ’ i 1 
tof Wy Voy ’ . ee h¥0 “oe, a ; ok F A ‘ a4 MA he Tae 


€ ¢ . 7 ‘ " ‘ ty? ‘ 
i" dacs Se ek pia i \e : a aa ’ a ‘9 : . ee ‘ , * i mays ile a4 ‘he ? 
: ‘ ae | ; a Daub ay jar | 
Dy Ghacah Ph " yt , ; ‘te * . aia ia bah Gah ey ip ' 
3 Lim a+n4 de . ae ‘ ; ‘ ek ae 
; rh ‘ha 3 se 


4 nt ‘ ey > } 
FE Sean ae OP 84 I 5 ‘ ‘ ae ‘ ‘H ~ 0 ; oh ‘ tt ' 
‘ , 4 F F| ‘ ¥ . id ‘ 4 , 
i le ee u { ee j vy *) ~ dig He ‘ t 
4 ‘ 7” 4 4 tye ‘ ‘ , { 1 Tee a ad ‘ - 
ta) ra hy i : ' a jel ’ » - 


i F yt 4 m4 i ' 7 
n + i . @ ; 4 
‘ ‘ Rot. ee f “ ‘ ware ; ‘ 
a9 oa 4 ei ie NS ' : qh we uv 4 ‘4 
#: ote ‘ i ' F ' 2 t ‘ . 
: ay ‘ } t \ Pte of 2° © ‘ ayy a bet 9 Fi 
ho ‘ ‘ § rae Mie 7 : Cae aac " 
: 3 . a + 7 “er Pa rk las | ai % 
ne y ‘ e pt i . i 3 we ; 
¢ , , j ' oT 8 Lf i . , ; nts 
‘ r , ‘ hs a i 
sib ree ; fot ; ‘ Ptga 4 
ee ' : ” : 4 ‘ t at ' fx th 
F 4 i ' Wine e] 6 on ‘ ; ‘ id & ty ‘a 
1 { ita” ae : fe i, gi 7 oe hee | ’ gy Po (0 A ‘ 
f) ‘ yl “ eee a of ; . it re i, ‘ ag 
‘ as i ' 7 4 : SENG oe ws ‘ § % 
‘ ‘ ‘ i 


a: Nae” “ty ee aie ig | : 


‘ “the observant’ student. will ue that: he has taken ¢ ‘the derivative OF va ie 4 ql 
the ‘area furlotion at! “us Le Boe ia ge? a) 


ae i = ; i a t Lh vie ’ ; j : : é i \. 2 54 ne 2 * 
a a fs Lim AG +h} = AL ie yt eee a 
, i i 
* 


Bir 


' ae ee p eg Be 


é > ae er san) = £(1) 3 2. ag ’ ‘y Sa we 
(ec): No. | dae conments after (a) and (b). nee ie Rg 8 


. 
er # ' : 
ity & REA i ona eas agienae, as 
i; ed a he y er oe : i ae 
‘ Z ie 
Si ' F . er eae Ta at 


am ' . 
_f, where fi: xx . 3 ‘ Pye ePO cu , 
\ 7 iy ‘ 4 ‘ x, oe i 
: . ' « ' 
‘ “4 we Pe Bes 
1 { . 1 , ae 
‘ fey ' a, 
im d , 3 Lae) 
a”: 4, : or hy ( 
— i ’ ae ee i i 
we be P & 4 ‘ etary al ’ 
| i” ; ' ‘ ¥' ‘ » “4 sity ( . 
Mi % + li ¢ % bg 
#2 tm ah 4 "4 Bag ne rat 


i * ; 18 aor fe ee . A coreg t 
i Fi ‘ ' ‘ . ra. fie t R ean ! t * ea ! 
sy Pr 7 a ; AS é W\@ ; i ‘ 4 seit d ge : 1" 
i Ba i”: : F — une. ya h ae ‘ v ay ' * > 1 
a et i Seth 2 
: _ i: oF ‘ oo o U 4 a fe t “Y a4 
ee - 7 ‘ ‘ ‘ ve uy! ! cits Bie ar 
(ec) No.’ F(2) = f=0. No matter what function we consider y i ii al 
i : 2 , ne Ld \ , ; i] Vd te eas ‘ 
Pi a Sg : 13 pets Be ae tt * 
\ \ £° 48 always zero. ; ere cr eee 
te f . ' 4 ‘ ie 
).@ a ' \ : q Tt gy Ro oY ( ; ae a 4) 
mt ‘ vt ‘ 4 v i) 
ite “tn” part (b) 4 we take the derivative. of @n, antidertvative and ‘evaluate oe fe 
" ogee ti p io se 
ee at x = 36 By the. Area Theorem A(x) s, ia) Ck i SO sg Ae od Rte + 
‘ " 1 ' at 4 


; ; ee 
Hl i ' ; <. \ % 


By the foatincte, F(x) = f(x) where’ RG) «| ff and .x 


at - a ms 6 ‘ ( 


" ‘ Mee ky oon tee) ‘ 
i RY(x). = a a ay A ey / ES nS sai ks r i ah net, ve, 


t ' 1 
(a)oRt(x) = xt ! Pega ptek OMe 
) ‘ { ine t J 
am { my ee 1 * 
‘ j in ; bh 
: a bok , yup al ‘ 
' t id ci 
’ re ' ‘ Fe 
‘ y iy 7Y ee jar Ag? 3 
i \ h ‘ 
' © o \ oe 
a 1 
ree Pas oc 
t ' V4 Ep so 
Ee, hee ‘ \ ‘ ! » : } ee 
% ' er yy ’ Poe » ; ms 
if uv 
wit al Ny ir gO Ka * ; j aes Bony : 
’ Hs od i : : ‘ : “t 
‘ a ‘ do ' rep ee HRP ae. 


Sa eee eee aa i is a tage i | eer ud? Be Pee 4 


i ¥ 4 ‘ ies " is 


ie ie the stadt, qhould ne call * 

oY ‘ A hae: | 
’ ee 4 a 

An eh: oe a 


he ; “als 0 og BRS em RR ae ae 


&) P(x) manta) Hi) es . ce. oe 
Ase ve B(x) a oe 6 eh ae. + ‘ oo : a ci “ : 


is ae v9 2 
e “, nS Bd 


7 ve aL mo bi 4 4 ‘ 3 vi - Heh , " *& Le @ t eh be = 4 “<< a 
Ca: Ce a ae ne) Chg nme where @ = eae gt Oillee ae Rat aea 


“bas Pa) + ola) oe te08 oo ee ae pa 


| 


tie oh . ~ se @ 4 108, a, R and G: uate by, a constants, ns - pape of 


fea 
. Coie at eg, aaa § 


e oh e , sik 


- (a) Py : soma Ae ha ; bogie get we me pec ate, ey 


4. 


~ Ar ds 3 TV t : 
F ry (by a 2x wll << caitthé 7 . Sah ge. ; “ete cnet Py hy, . wt 


¥ 
A a Hs 


“(e) ‘The derivatives are the sale since the functions only aifter by a’: be oe 

constant. i ’ an 5 e . at ea poe ‘ | 

bun Phe} el | . - ' sd Maat? 
EES gt ae pov! Fm ot ed 

—_ be ‘ o ra : ; , 4 4 

bi 3 ie “yas “+ ‘é ‘hex yastices Value ‘@f c. The functions only afffer 

by a ‘eohatant. : ae “Ls 4 a : 


» *f{a) Dae £ Te Yy ci 


‘ be ze. “hs ste Le iy heag 
a ae Jo ? ps, 
Ve . ‘ ay F 
3 


wil 
.: iff ate 
' peo 4 i 5 
4 
hour Get ag 
. { 4 
Sh, ae oe | . 
5 PALEY he eo am 
Or tee iat 4 4) ee God 
; taeh VL Grae ep as 
; ra ay bea A ge ip ataed j ‘ ' 
‘ aU faa ff vo we anal * , 
. As { al my) , aa . (! au ay 1 * 
a poe Mi 
+ ' igre oP "2 ’ p 
fe ag athe nypth 2p 
t ‘ 4 
ei HY ga He vy ” . “ti my 
har (7! a ‘a ae Hs 


‘ . e ‘ 
os i > y { a: Bail | hs 
5 ged ons L al ‘he 
a% 
a 7 a Ah jay ' " Lay) 


' 
paw t , i ys ‘ik ty 
Pe ey ee eT TC | Pte A Ve: i, ey i 


te) tedster 
Rh) a at 3 
os F(2)'= 6 
Ya, fix old + x 
; + xe 
ee FG) a! | 
Prue ‘, 
Se —¥e2) = 18 


Pr 


-10.% f°: x, 9x" +1 | 


“ (a) Bee graph. 


me’ region of part (4) is 
'., equivalent to the region of 
part (c) with. the region of 


part (b) removed. / 


Pian? So 
f= (Qwe-1) a 2) 
1 ‘ 


"29 y 
#2 


ie e: ' - a a a ; ? e ps ‘ ‘ . ¢. ‘ ‘ ee he | 
Pay goal frxwke | ; - s ‘ tee, * 
‘ yx F 


’ fqn \ 1 " - x < ' ¢ et ae: * ae | 
7 a 14 #962 mate ' | be 4 
' t fa . 


Pere r eee ey, EP ge 


‘ah YN = 2(2 - va) : s) et ae ee 

ha Ay = 3 eS i@ 
"Oe Pune (e) f3 x‘ e* ‘ * ; Ry ett ey ) 
° F : ae ts oe 4 : aes ‘a m 


Vege g? ae | ee Te: 


ee (f)) f: xe ; pO 


Cad ' 5 
. , 7 ty 
Lt _ ve 


ms 2 xX > -COB xX | 


n/2 Ps | % _ ae F 


‘ “| f= -cos & - (-eos 0) baat 


‘ : me Gem F a . r 


: 1 : Y : - oN 
‘ # v is ' + r 
el oe 3 a” 8, ‘ ‘ 
‘ ‘: 4 : rao ik 
. ' a pi ; ; 
o ¢ vr 


C3 ey i pees geen ‘ on , be “ye bs Fa 4 i ‘ ‘ ; 1 eaealy Sse na} 
aes om ; . oa : < ‘ we ae a af wid bf a ee ry 
re esiag gf Re gg ine, A. | ay Bnet gs Eagar aed ned ag vie oad 


“oe 


“gaye ha, hy ae Fides} ae peg oh ty aL ie 


Soe, ca eT. Lo ' ae ee 
we) ih a - oo e £ = ch cos z cos 0) Dee Men aie We peace a 
: - 1 | . ; ‘ e ne + a ®t 
fae dg Megs) wt a, |” Ogi 10.3) - ste Ne { | ae «3 > oO 
i! a Ri ad De iy ee - 
af a ‘ re Vogt ey. seal 
foie ti wt _— e o> oe a 
4 ® .) : ’ pant 4 : “ «4 
; 13. fx a(x - 1)% - ca 
Mt, gt eo mr ” ' i - 
ae 3 1 ‘ 3 ; % de 
Fogel ‘gl! fs pe sa 2 a 
i ,' JO fe) 1 my 
fhe) mn 14 
eer \is decreasing when 0 < x <1 « ’ 3 
a ee 2 
and 2. 
rh f is increasing stati Lee eaye | 
a ie rad ’ < Te \ ‘t 
oY ge , oe 
i 7 * > ins ; 
sf “4 eed 
e - 
a | A i 4 a. ae 
oi. he fx 49 (x = 1) - ax +1 ; ‘ 


” 


by SS ie . (>) f f = F(1) - F(0) ae & 


v 
a 
aT 
In 
‘ 
we 
+ 
eo 
~—" 
1 
— 
° 
~ 


a : , * 3 4 } - P 
+ 4 : | ‘ f F(3) = F(1) . ve ; ; i a ; 

. 1 ie Ae Tee? (e 
= (9- 9+ 3) - {}) ‘ ; | ake - OM ‘ 


yet . S . - 
‘ . fe 8 ; ell i, ‘ean 
. ' ¥ 44 ze ; os # fa 
2 » 3 e é «& ii 4 1 
, of ’ vt < *? “ 1 4 \ Bowe ; 2 
‘ ' ‘ : : 


4 ~ 
x ‘ A iy Sy 8 9 ; 
Dag ' 5 May 
: i 4 oo 8, 
ooh ae i q i 
" ¢ i: } ‘i t Ti a 
aa i a 
’ ’ 
ry a Re 
; ce u t Dg 
t 7 7 i~ Sal 
: " te 
‘ ' it 
: ‘ r fe of i 
‘ & ' 
, ‘ 
4 de nd Pa: re G5 ROE pes *' 
, a fa rt 


‘ ‘ 


iT. 


ee o9 fig 


pe tog a AR 


Te giz sads 


- gl2): ~ “g(0). 
3 


ae" re ae + 


7"  e(2),= @(0) 


Maa: 


fo Frew part a0 


bos if 
2 


@) g x 2x 


“real number. 
Tt ge: > ox” 
e(2) = @(1) 
If 2 1 x9 exe 


e(2) - e(1) 


(vb) From part tat” f 


Bi quit BA 


- | Ss fit f, #713); (0) 


u a! | ‘ a ae : ho - ‘gs mn 3) x on 7” 4 bs tat } 

ae ' nt : oe , ' aire "ow, a) 
Bie aa ro nis 4 rat Mey, @ aan By 

‘ if t - a ‘ bY ha P : ; ” ed yee 
Vee se rot f: tx 4 6 4:2 4 . 


apo ge ae or Bite ee 


ex 


(20 + 


20 


a 


« We ' ta, eer 
20 -~0# 20 — bo, NAY | F 
ex +c ; 7 : . $- st 
x k a ‘\ 
ce) - (0 - c) 3 
' im 
i ; 4 a . . 7 ae 
Y . Ps. ae A) { 
‘\ f = g(2) - @(0) : ee 
0 ‘ ; mo 4, , Rye 
= 20 ae ae i i 
‘ 'y 


) 


+ 3x. or ax" +' 3x + ¢ 


+ 


+ 


it 


b 


‘By. the Constant Difference Theorem, since 


a 
where c¢ is. 


where cis, sore arbitrary a 
ie beh eae 
6) + (2+ 3) #9 i oe 


C sau 


be Qn tai So ES. 


g(2) - @(1) 


9 ; 


g' = ht, th 


rand " . ot a 
ana “> G5) @ FUR) * & ‘ , he 
and. g(2) = f(2) *e,, ys ae A ee We 
Subtracting on both sides gives | PS ok hae 
7 aa _ gS) = e(2) = £(5) - £2), sea er eee or 
4 "t ‘ 4 ’ pr why sep 
tales LAAT ie ah ‘ yh she fe Py a ie 
B o5 in f é ' ge a he a tt uC, tephaae ? 
ans ( mS Me st ra UR a “et 


f ? a ‘ 

re ae she ‘ y F a ch : . \ ai 
' 1 i whe : \ PS ‘ 

‘ e ri as we c yi F . \\ ‘ 

ig ow ' ' ‘ : " 7 

q , i ‘ ' yi ' ‘ * ‘| ' ( 
( i ” nee DY b Dogdit = we eR yb Vda ® peg 
d, . . ' 

' ‘ : 
Beh a ath, Kee : « "a , ee 


"ag Rs xx x and F(0) = 0 | ‘ 


‘ ' i! vig Fl "4 ie ae ' ~ . : 
hag oe: uot ? rr a ' “ 
oo 8 Then Be: x9 -=> +c for some c. 
ee hs Le me ai 5 a ‘ 
ae ae ‘ Ls F(0) = 0 


4 rare he . poz t eed 3 &, 
ae an) »" 4 3 ; Vf 
‘ x x : 
Then @ =Q and F: x + a < 4 2. 
f ¢, 
sf This function is unique sinée there is one and only one value of' 't 
mre sy wateh satisfies the condition that F(0) = 0, ‘ 


Y , 


wet 4 S19, Ql ex ee - x? and G(0) al 


‘4 x x 
Wier tai FP Go: nr = * c . 
3 « * + 


or . 


A unique G is determined namely, G: x > 


fe 
' 
| 
+ 
a 
. 


20. f£ is nonnegative and, increasing 


a 


i x 
; : tod = [Pes ose se 


a i: £ esa “pg Sg *2 , ay 


x NEES. = shed ¢ 2 oe | i ee 
a Ae a “« ' ae : : null ar -' 7 i 
‘ i ‘i a a er ' The’ area of the Rote rectangle ay is gréater than or equal to v er 
a c+ a" 


the aren “under t fro ¢ ‘to, 5 since the right endpoint: rr ee: 


a aan’. ‘18 the meximun 4G), when | egechpt, 2 eae 


, " 2 “a ‘ 4 Pariah 
woe { ia s +a/2- \ a’ ‘ ‘ , pay a 4 
my bad ede, pet dy * Sane, 

erties ee os ¢ rs ak : #, oe Degce, AM 


Ff mus ALES) < ale) + SES (Sts 


<4 (b), ata) sao) 4 |e or a(S $4) eafays fot 
fee J evapo BS cele eh ae 


Be 2 Uae ae. rectangle Ry has an area aes than jor equal ao - a ek: eS 
rd ; na, » ne “ an Age iB ities “if 


(a ae ee er f. anae oS ay a « : 7 4 Ms OF: 1 : ix 

; ; ot ‘ “ Wi, Yeh Al, 5 * ' 
ng Oe Veet ic b, «Ss fe oe 
i } bi ee es ; a ; ‘ ry > ds cei 8 » dy ; i y % 


2 ae a eS 
ff e+d/2 ae i te ad, als y x i’ fot 


‘ . : ; ‘a : : +4 Oh i a * oF, ; a 4 
‘eon hg , . = e<-4 = (=) ; , i 


: J+ 
oot , F ' e+d/2 : : (y 


"4 i 
c - ee « iat z ; ; a x, Pi . » es : | 
mee ang CE EB cata) - SES (Sy, i te 
a a to ota , : 5, ‘ ae 
(c) If the results of (a) and &) are added nOReET he yee. mo a 
: vanishes Leaving . ‘ 7 ts 
" ec +d A(c)_ + Ata) iT bye 
aie a | Me abe 
t r " . 
: rh) 
A i ,_@ 


al ! 5 ~ ‘ - 0 “ va rue 


\ Pe of 
‘o@ Py " bag PE 
‘ \ ; \, ' eyes 
ae) F ‘ 7% ae jee 
. i ‘ Mey.” Paes eel 
' 5 
' i ; nie L r Hi [a tia! 
’ ys ‘ 
t # t ; 
: are 471 bit A vay \ ; 
* 1 4 q' 4 ai ‘ 1 1 
r » ; 
' ‘ 1 2 ' * sort 4 Yay 
eae A ages ' e 2 
saityer pes : wat 4 , ‘ i all it f 
i ‘ sh ara fv , j 
: ; va ae Pei’ Ay 7 i 
ay 4 1 4 at ' Pal ei 
ae. lea re, r] a ot er ee roam ost rv ha ri} ‘4 a 


coe | ar 
“ ‘i -* e Solutions Bxereties i, he sh 
poe. *3 ol. aS - Wa FO 
TB ta" 2 . 2. 
a ted,” ac +x! + + 3)ax . x ax + x dx ‘A 3 ax 
' pees U oO ‘ 0 ‘ 0 : ; 
4 ae 32 ‘2/2 2" re. .e 
ea > + + 3x fe 1 Cor 
‘“* om o (10 ) a ae 
; ue! 5 re “ " i 1 o ait 
BO) + Boye (G20) a! 
3 A ee ai 


ie 


cos x dx 


— 
ae 

ne 
- WY _© 

* 

+ 

* 

So 

w 

~~ 

a 

tad 

a 


+ x + 3)dax 


a 


tt 


ae 2 
(0 3) + (0 - 4) + (0 = (-6)): 


20 


o 2. 2 . 2 " — e j 
= x dx + | x dx + | 34x ‘ a 
-2 -2 J-2 a 
3 R ; : ,¢ a a, at 
me) c x? 2 iis 2. “ ° ' 
= Be + > + 3x Si ryit ; 
-2 -2 “25 44 a 
bs ae "4 
~8 ° 8 h & i 
a me NE me ee + 6 - - \ : 
G - Sb -D 6 6 -1-6)) ea 
- 22, , me . be | 
> a i ' ada oni 
; tea 
n/3 2 ee pes neg nt ts MP * 
sin x i 
. At { 
ee po ‘ . 
sin 3 sin O \ he 


(B) - (0) : i 


‘ 4 
‘ 
hg ue « ‘ ! fy | 
i i 
J ar os i 
4 . ed 
: tal 
i » ' ‘ ; = 
tative ' ) Pen a et ae j * 
? + fe ' he aN 3g 
‘ J H diye ' tay a Bes he 
3 ~~ br hy & ‘ 
“ee : 
, ‘ a v 
ay o we ‘ ’ aN a 5 RES ; 
A t Part , i } Soagtgye t * i 
‘ 
er 472 ‘ K a { 
} we ; ' ! me 


u 


2 eb Pies (2 - (yy DIN 


ue 5 ‘ ' -1 =32 


317 


a 
‘ hay 
1 

1 a 
Fe. of 
dba j 
t ie | i 4 

i Ya 


‘, a a ; Aerie: , geste ih ! Me . 
o ty ij i 1 it ‘ 
eg ¥% Pal : ; : 
‘ te vad ait v My ‘ bul M, | * 
ed 2 
ee ace ier L dx = log, x | 
r 1* Lana tl ‘Ly 
ay greet : I ae ee : : 
4 ‘ ‘ i. rer “ 2 = ‘ 
t ry Fy ” _ = 108; 108, 1, 
Pepe? 0 ah ‘ 
¥ aD ' vas 
fr : 
not zo 3 Me 2 
“4 1 J dt 
wid t 


—pei | 


nel |x 
Z| 


He “eh “ean Can ' 
Pin gee ae "ax = 3 
ity ee? : , i, ‘ 1 “« 
i . 
eee ar ee 
ee, os c+ lL +d 
nha . ane . wth -1 
nt $1 


<1 Py Pah 
ae 
» al e oo 
e 
‘i Po hes 
, ‘ Me mee 2 
(t) (e” + 1l)ax = : 
a -1 ae 
‘ vg. i 
" x 


a 
@Q 


— 
B 
~~ 
~m 
— 
@ 
+ 
bad 
~~ 
Qa 
ad 
a 


it 
oe 


Be e 
{ 2e 
‘ 
ro ae 5 
i + * 
nN F ‘ 
i ' 5 : Je 
F. y . 
3 ‘ k 
5 
A 
J . 
4 ‘ ' 
\ " - 
‘ \ ” 
, ng yee Fy 
' : ' ‘ 


” 
\ t 1 a ‘ bi 
. 4) . t 
‘ ‘ 
\ 
Me 
Tif 
WR, 
‘ 
ir’ 
» xa 
. * a 
x , 
’ ‘4 
y #0 
ye 
{ 
aa ry 
w 
’ 
4 * 
’ ae 
f { 
« 
»! . 
. 
1 
yes 
‘ 
‘ 
a ote 
oH « 
at 
i Ta 
aw ’ 
' 
« , 
fa 
2 
‘¢ 
F > 
+ 
’ 
4 
+ + 
' ah 
oF 
‘ b aad ¢ 
' a -# ite 
*, 
‘ae 
t ‘ 
¢ ‘ 
rt t 1 
1 
; . ‘ 
‘ (« s 
itt 
Fe en da qtee 
‘ 
Be ae : 
t ' 
4. ee ,? Ji, 


webs 


1 


a 


R 


ae - . 
(0), { (stax + cos x)dx 
/6 


(32 
39 


lie 


r/3-) 
= -cos Xx | — + sin x 
1/6 


1 Pray (a 5 bi 


74) + (8-1) + (2-1) 


. 


1/3 {" 3 
sin x dx + 


1m a ). 6 


a, 


5 “ ned 4 1 . 3 ¥3 ' og 
= (= 5) = (- Be (Ce (3) ee 
v «i= 4, * a " . 
Vm hg /3 nee oe C 4n/3 ne hn /3 Pe 
‘(p) (e° + sin x)dx = e. dx + sin x ax 
o | . 0 ’ ee —e ee: ; 
| Wa/Z 0 Wn /3 ‘ ‘i 
= “| + (-cos x) PK J : 
ho 0 4° : wy) B ot 
/ hE wy ea TY Pe ek eA! 
| a TS 
3/ 5 pi 
(q) (x + 2x + 5)dx = 0 ‘ 9 
3 a ’ 
10 3) x 2 : ' 
(r) |} x”? e arctan (sin® x)dx = 0 ~ Metta ‘ 
J lo le 
} rel ‘ . < bas * 
p ‘ 
4 
- 4 . 
‘ 7 { ade 
Te oe. eae 
Ke 1 2 Poe oe ie ' og 
+ 2° t f on a n ” Kee ae ¢ at , ee ec ee 


ae ' cyte ' Shige 3° to bd 1 Ry ae 
Fi ed iP Saag 7 sf t +e * i ' re . ' A “fy 
a f tg go : ; - 
7 phd val ‘ ‘ oy ‘ @ , 
i } ee: “ | 
vi ; F ‘ A \ i Nj * 3 
eA 8 2 lie, he Be ms) . y ca a 
pod Ry! (a) Od x ax axe a re 
of . asl, b=3 « 34 ee i 
1 4 . : Ht a aT ‘ u ‘6 ” of 
i RY ’ 
bi, | a xt 3. 3 f3 3 2 
gies ie Noahs) igo (Ot . ed: 
ay an ar’ 1 1 ‘tg hi 
4 812 , ? 
re (peep + ioe) ¢ (3-)) 
sh ' ‘. , ‘ 
5 / 30 s ‘ t ti 
Oy oe x 
or 4 rT * 
ae 13 « 
‘ ty . 
yt : 
t 
: : Baal ied 
a - eae earah a } 
A staan 
. . 
Py - \ x, t 
ral 
a 3 
‘ a 
' (vo) £3: xe : ' 
a ae 4 
3 az-1l, b=l 
‘\ ss ‘ 
a " : ', 
ph x “ 
fre ye 
-1l' -1 ‘ 
a l & ‘ 
ts a 
e 
e -1 
as: Niemi 
i? e 4 Se 
‘ é ih 
' ' vy re 
\ ya | 
h J \. . i. 
: » ‘ 
. As S 
ar $ " ' i 
“o a 
a “ i ae 
+ \ i. 
ray : r 1! Ht € gh .& 4 
ty yi : i Naerrag a) 
7 } ‘ : re 1 , os “i re ’ i 
; { : uth if Sa id, SOY 
is =. ro + Ta posya yes ig 
sa Soe a Fe : aw a8 }. u ony aye pha ‘ 
A ae el 
wi as oe a Lie el 
ae 4 i ; ‘ ‘ Oe shat ae Ge \ 
; ’ Nf Mi ‘ ei Dp ed ee F it a hye 
‘ . “ ‘ : ; , ,H 4 ne rie wnt hy 
pat ya eta: P oO ei vi {4 Hie he Pca iar 
pl Yo ak . : 2 epi pes iS, ee ee es ee a ee LS 


Hes ce fig gt rT ae, Jae er) #37 


ty ne 
a 


de Wed 


7 ' ea fat (tg ag? ape les 
ee See ee ee ee | a Mens 
‘ 4 ore a ts f ‘ ‘ ! 

Boag bye & (e « =) + (= a (- =) i Wh bt td dest ap 
pg Se eR NS eae Oagt MG ges tied Dee 19th oe 
a a oc 3g 38 gia a Tae aes 
ee eS Oe dk ees . ee ees ame 

4 \ = mae eg id 

A wo ' sithcran , Re ; . ¢ HE af 

ts ‘. : be ‘ 4 

. 1 4 ¢ e £ ; “7 3 i ile ) 
Na, ; hood . i ) . oe | Ni foe i, eee 
i] gia : 7 & tq 

Vow > 0 . F 3 ' Pee aa om ‘ ne yy, 

re i a. f x sin #-+ cos x ¢ gf: eI ae 
bie, as a a. veg Page aE Aes 
1 r; ‘ $ ‘ (i s ‘ ; i 3 r a ‘ 
; a n/2 x/2 \ ; v4 
4 wk | i. ‘ ' a :" s Werth 
Pa + sin x|- ' wg . aa 
a ; 0 + Sie oop Re ts er 


a ice yo ye Gaps.) 4 pie SS nt OP Seas 


" ‘ ‘ i 
4 ‘e 0 bod ws @ og 4 
, . ¥ t ' 
, ‘ 
; ) aol , 
A aN an a yet Ay aie 
. L a aes | ’ 
“i re * a 
a: RUS tet Pe eer eee vs 
ay ay 
' ‘ wae i 
A ee , ‘ pL 
of ‘ 
de 
‘ ‘ 
- ‘ y 4 
ny 
‘ 4 
af 
a 
‘ ‘ \ i 
' 
{ ' 
“ ‘ . ; ayy 
% . 4 
Ff \ . 
t 
’ ‘ 
oi x, ? * 
' ' ‘ . ec, 
' . 
‘ =. dl 
; oe I 
A . . i 
: ‘ Ethan it 
Oy ‘ 
‘ Ne 
, ' is HES 
a bs 


~ ; at 
~ ' ‘ ’ * qe > 
, ; " r ’ nt ¥ ' ‘ ny ot 
‘ ( i a a 
: oe 
" i ; 
’ , b , 
eapay ata Ww es , eal 
, 1 ‘ ‘ aie E ' 
; ae F J % ’ ’ fe 
a a bal ' tq 1 ge : nS NG 
ot i) . : 
a 2 4 ' ' s 4 


4 if aa 


es 


A), it: te 9.2x! + cos x 


pew 4. ag 7 ‘ an 


5 e428 
7 ro 


bev: + , . 
25 


a gt 


8 349°+,1.707 \ 


(85.6 


* = hed ; OF | Serger: 
. . * : 1 x 7 rl, 
tube ay 
x sai ie aap f “ ay 
: eg! ee ee J 

ma 4 i ¢ i“ $ Td * xq +; i : ’ ' 
Pens ; 5, ae 0. he tae - 
mY Pe +x ney vi ar a 
i a a aed ‘ 2 Maa aos ae 


es ee Maj 


‘ a : “os 
: a2 
a * 
Ft AS 
I 


-. 


egek . 
Pi +, (+512) - (3-1) | ‘ 


7°] 


an \ et ; . i i ‘ . : } : 
i i a an “4 

de a pie. ‘ we ; =f NG j 

Me ae i 4 ‘ idee Y to 8 5 : 

Cy Cade er nt fal |. . a as 

Pe eg gh tele, SAREE AO 7 

(ice 08 oP Pee Ge ie} oe 


ee eg Nk RE ge 
| eh sn 2 *~ 


a ti a 
sa ve han. PS 4 : 
¥ { a ag ae =x dx + x ax 
c.g a ee Ses fe 
poe [a ai 

+> 

2 10 | 
t, i a (0 4 (-2)) “+ (8 = 0) . 
al 8 oe 2 10 | 


: or -_— 
x y 
‘ ‘ i ‘ a 
' *. 
4 


‘ 


vai, '* “By ‘elementary geometry the area is equal to the area of two triangles 
1 and. T+. 


y . e 
ty | 


| Area = aT. + aT, ° ‘ 


are an . - sa 


3 3 
hx? ax 
al 


4 |: 
+ X 
-1 0 


(0 - Cw) + (81 -'0) 


‘ : . = 82. -" 


a 


{ wo 432 ee Se) ee 


Ce Sg ae i cv 
Pa iter age gE ing 8 i , J 
ia ; ; A ; 
(ce) f.¢ xs [bos xliet . ; 
t es 1 ‘ ‘ te 1 : 
etek ete ted £ oe se 
1b i } s in oy i e 
ts 1 ; , 
é 
X. ‘ 
a oe, 
} 
i 
1 
° 
F 
a 
\ 
on ; 


ae n/2- : | 

a , = gin x “+ (+sin x) ee ee é 

a 8 ba 3 ¥ n/2 ae Pe ere | ae a ae 
ne (Dy +(-D) - fT Ee et 


“pe + VR 

' p | 4: “ ‘ 
Mee (= - sin x), -n <x <% and Z<x < an! f 
* 14 e “i 6 vee oe 
"(aj tf: x9 Ik sin x| 


i 


Zz. | 
(- 5 + sin x), SX SG % af “ 


x=-8 tet 


x = On ‘ i = - 


- 


‘ 
i 
i 
' 
¥ 
‘ 
2 
t 
6 
at 
<@ 
\ 
* 


a ee 

' "On 1 wha era tas 
cs ‘stn Dans Ke HN * ‘stn ae Pane i ~ sin x)dx ae 
. Se Hie, Ci ya 


\ ‘ 
. 
ig Sat "ys die 9 


! 5/6. |x fei” a aaa 
Sr seals aki + “fF + Eee of 
“nt 


aye wits gecarl  f ee he Sy. aa ‘ 
| ' ‘ vs er yp og A te og, b #1) :- er® a : =. 
ae ge al ag ee Cee 


! ¥ a - ex<l : é. ra : ‘ ; . 
: Phe, te) #4 x » fal spf a 2 INS 7 | ‘ P ‘ ' Pg ' 


’ Wek to gh aes F Py ' 
( 4 x is ‘ 

Pee ee ee a ny Tah tok 

\ ee | a Gax + Sn ae cre 

a a; are * Pre aes, cee a 
= ‘ + 

2 vege ege | } 


ie ‘4 


+ a fis oe 408 Pie 


eS eg 
si 


a 
if ~ 
na — - 


+ - 
Es 


celta coe 
4. (a) = (16 + 6) - (1 + 3) Te Seer 

/ 1 \ i? . ‘ oon Wg sj a 
' ; ‘ ss 18 “ ; a ’ 7 7 Ve 


eee i 7" eas ak mee 
(x* + 3¥x + 50).| = (16+ 6 p50) - (1 +3450). 0 Oe go 
mi = 4 eee . 


: 4 , 4! P Ra: 
‘ M ce = 18 ‘ . ats ; : ‘i 
ms 4 a Ue us ae ge 

. 3 ‘ 4 z ‘ } aa . 
Like 23 (b) Since F and G differ only by a constant, be pape! See aon | 
an 1 ap | Oa 

® F(x) | = (-1) - (+1) = +2 = G(x) nr 
; 2 = \ : b : ° ie 2. 
(c) If Ft = Qt? ther F(x) - G(x) = 0. . fA ton BP gg 
a a s oe P at 


al ' 5 ' i! 
1 rs Ru ' i re 
ON ys Sag deh Ot _ la op Oe ae ' ' rs Ff 
‘ ’ i 
' ' rs ' ' ' 1 
ef hah ao o 4 ; ot 
F; ‘ y * 
; An ( ¢ ; 7 
G net nyt i s gh i z ‘ ; : F ry * book i at ‘ 
a 1 oe ar i. Pp! abot : ‘ a he ® 
ae: ' iy, ed q 1 fa . 
2 f ‘ 4 r “a ee . 3 BD 
10% Ge)! tt) 3 eda steed) =. ee 1 Sau tae i" 
. 
pore feet 9 ® e ‘ i“ ' 4 kot tn & 
oe ae é qt et t ‘ “ ° y F F ae 
ran ‘ 
fe ee 


phy a uy ioe a a Se 


te eg wy Rix - eee ee ee ee 


' lar” a 


‘ Ny ‘ 
s Tar ' se kg 8 D oe a rp) 
‘i 14 ee ‘¥ a tx is ne 8 + +e 2! ‘x aA Fr , ¢ ? " — 1 ¥ ‘ : 

a? err 3 a ite st ONO 1S : 

Sahn 2 sar ae - Lex® ae Ce ae a ee re eke 
bo ; a ; ' : 5 iy . ; Ce RE Ape 
| Re [evetiats 4x" at NS ies Le, ae ay 
be . we rg y Nay ; a te , inate “ ak ‘ : 


ba A ee ey. atin + (ae =a)3 = le = 23 Vit ae Ct ae 


et age ae ee” eg 
yee gy oh § a 4 ee 
hs (d), ‘gtnce fer and, g =G,. we would expect. their venpeotive ‘anti- i ae eee. 


ye er derivatives to difter by at iost a constant. oe ee yee , 
\ . 


é ‘ “ ‘ 
ee Vxpanting, aos = xd + 6x" eee re ee 

‘a ‘Cds ae . = ie ~t oe 

He oe aga eda keg. ite ta ee 
LD gz , ' uh eqat 


ae : i wf . I ; ng r ‘ sa : 
We note that. (? and fr differ by 7 . is 7 . “ty 


Expanding, foot -§ rSxr ager By ae 
ba 1 2 ox! - xd + 3x° - x HG "ie 


4 F ‘ ; ; ' ' 
ia Se ed ' H 


\: | We see that [ee and {oe differ by a ‘ ' hae ae hea 
4 16. fix + 8(x + 1)3 . . 
: a | Paver an; i dpe ee 
Jb a etek | Bea ae 
| = (x + 1)" : | _ - i fae 


, Since gt x ro (a + a? s Blx ’ 1)? 9 var, a ei 

A . ~~ : : pare v7 

" {e- = Q(x + 1)" also. ‘i ie et 

ig " f ° ana “ate ye ee, © 

| 183 \ ty ee 

pete. ee ee ery 
i 1} ‘ ‘ fo doe : V9 eo ae a ee 4 i i 


Peg 
oe 
an 
j 


Bay by sapanting we ‘have | a at a mS 


a) fos + ‘seo! + 43203 + . $602 + aoe Lo2tiJax. 


* { 


“3 ‘This ‘te’ obvtousiy a | messy process which breeds ‘arithmetie errors: : 


-¥(1) = F(0) = 24S + 2620 1620 2, + 160, — 


8, ‘ (a) ’ 
pe 


. oe » n/6 1/6 
iy? (a) { cos x-dx = at cos x ax 
ate /6 


= “— 324 + 1080 + 1920 + 1920 + 102k 


AY, om = 6308 5 = ys . 


if ! 
Tyis aethow should be a welcomed relief after (a). 
tet (3x #44)? = abg3(x + 3)? | 


Then F(x) = [ 2836 4)? ax a 


= 243 zx + 4° 


Pla) = Flo) - Bib _ a6 


a 28 6 _ 15) . 
6 ? 3 ‘ 
" aa( 117649 - 4096) 

= Fy 113553) 

as . 
r 6308 3 \ 
(c), ‘and (a). 


n 0 


“a P(x) 8 x° +2620 , ei 2320. a aad + BOP + real i nm 


" ae. 
‘ . 
‘4 ‘ 4 ‘ 
" 
ey td 
tha _ ‘ 
‘ 
‘ 


4 
4 
5 1 Ppe & 
‘ ‘ iy 
tan ‘ 1 
4 
{ ha 
eS are ney 
aad 
' 
* 
uy 
" 
"! ‘ 


et ‘ : i var a ee er ee en 
E ji . 1a 4 to , mp ‘ 
at oh a a ban pt oa Bitsa 4 er] oa . y ey Chew * a ay pg 
t Rag i Wa sean ay at 4 uw be a: ‘ . : Ay fF 4 
ib vy i ited A? ge . * : fi ‘ ‘ i 
‘ee ih Ye « yl? 9 ge mae es ; i ‘ , ay Pad ais 1 “ J 
i [2 Co a? f yd Wee a & Hopi 
4 me F ( ) ‘ 6 r s ( 6 2) ad hy is ar ase ee KT sa ch 
, , f ee ere AY 
itech NEE GL + GPa 2] Pye ae @ io 
Bie ig 8 ie nee : Het 4 6 La is ' Avy ~ 
Cha: gil ek oy i ‘ hay ig. PE 1 toe # 
ey , ' Dh a fe oe 4 ; ; ; 7 ' | 
, ' ’ { ‘ ; ea : ‘ ; , toy tee 
‘ . ‘ ' ’ hy 
OS aire ek veya ti a ‘ ms : 3, ‘ : ” ‘ ’ 
+O At ‘ ie 
oe 4 ONES eek al . 2(x +* 2x J " 1 
! ae vt ; ie nap ’ ' i ' Ls Nye uh 
‘ ‘ . aie : mo ; : Ro gael if ' 
4 | . ah ; ' be oe ee “ ; fe geaes a and 
, ; \ 
ee : ta, w 8((2 * 16) - 0) i. a ae ee te ey 
1 Ly oo page yg 8 ; : oD a j x ha Bats 
3 x ‘ ’ oe ive t 
- y ‘ . ‘ ‘oa ‘a i ce 
det ye eae odes = 36 ta ee ee ‘ bp 7 . ‘ ; 
, a ayy. . we a ‘ : : t ieee 2 wi, 4 
a \ f gaee b gtess, ey Roo ' ' ny a 3 : Vga 4 Ee 
eae : ; 
Va, ’ 7 ' | A \ ' : 
Ch as 2 ea eee eo eee ee ig RT) ee 
SS ‘ ae On . 7 1 8 
(x -:1)%dx'= 2) (x - 1)" ax 7 oe vs 
* * , \ ; : a ee 
: po ’ 1 0: tv wig og. EA 
: ‘ ! 


— " ay ‘alternate method involves changing the fuinetion. $0 aoiobe it. 1s me? 

i, ee “symmetric with reaped to the y-axis. Tin aa me ee 

ae, ee ab 3 1 ime A Py % 1 @ i oe i ; ‘ A 
: ' (x - 1J° ax : ; 3 3 


g 


a 
nO 
x. 
ion 
* 


ze “ 


u 
| 
— 
=) 
1 
is) 
~— 


eee ce n/2 : 
(a) sin x dx sin x dx . 


rN = ee 


a(o ~ (-1)) 


a 
. 


epoca 


-2 cos x 


u 


2 ‘ 


» / : ins Spe 
’ 
485 ' 
ae 4 
= ri 
ie , 
i” ‘ 48 ' a £ ae Ti i “* 
Ce \ ree ” qt nee ap aes vet dy 


(a) '¢ le Poy 2; 0 <x< 4 , 
Ix, @<x' | ry 
’ t ‘ ps 
4 
vertical Lines 


(by + (- Be of) - 0 


a 
= 
°o 

' 


Pris 


+e 


: i ‘ ‘ ' 
: ia “a ’ 4 
‘ on i oy! 
‘ t ' 'y ’ 
' te 
‘ ‘ ia “ 
‘ . “ j 
ee | J ta i 
i ' he 
: ' 
' ‘ae ‘ ‘ ry oe . 
: if O¢x<3 ; bo eA? , 


it’ x $0 or 3<x ay 


a t 
a 
, My 
1 
‘ 
* } 
gat 
"4 5 
; ‘ . un 
’ ] 
{y t 4 
i 
g ’ 
‘ 
+f F 
ef 
i hs 
‘ 
no4 
Dy hat 
Be kd 
. 1 be 
' 
zi 


By symmetry : 7% ee ay - 

9/2 9/2 bp eRe oP OR caged 

f(x)ax = 2 f(x) ax . a ae 

© at “Ue . 3/2 eae es 

= 3 /2 ey F 

- = 2 Jax - 3]dx + 2 ; Hx - 2)°ax oe ie ra aes 
3/2 a, 


~ 


‘ 

‘ ‘ 24 gg o « 

a 0 ta, d i (Ga 4 ‘ : , ' ° Hg ‘ i 
*e ’ 4 i ‘ ia { ‘ 

Hi ih nanie rat tra cyta tied y. op Ceci © a aye 2 ho he + 2 ae wee 2 


= 
> 


‘ 
it 
af i 
’ 
1 of, 
feu. 
‘ 
’ 


yo 


ince ry 2x 


Boos 
ert shea = 


ape 


320, “when | x23 then pete ie, OY 


| A ages pote Sie 
[ats 3 9/2 
aii eine = 20° - »)| + Hc are Ny 
| 13/2 
a Sy allen ~ (E- 2K p- a 
. ee 
Tae oe 3 ]2 , 
$2," ta) © (4) [ (8 « x°)ax = (Bx | : 
: o 10 ; 
f ll 
4 488 « : 
; . o Ses 
a ere rie ih 
iis L a Q ta 


POET OTS TT Oe eee eo Oe ea 


a 


‘ 


ih gt * 
Pee igi nl one ee) oat Set 


ey 
hy 
‘ ‘ 
4 i 
Me bg 
* 
Pole 
tl eles 
ee 
” 
eal 
" 
‘ 
big 


x64 


4 wey my 


ne aren desired 46 


LL... 
2 eg a x? 


' 


~ 
-~_o 
@ 
x 
1 
1 


— 
foe) 
‘ 


— 
foe) 
1 


Pg as \ marae 4 ‘ 
ie ¥ # ae es alt AS pei 8 
ae a * 
° 4 . i HL 4, # i ’ 4 ! 
de EE siete a : ag 
Pe (bd). The desired’ area is .' 
i, tee , * ‘i "9 ro 
My An © 21 (8 - x°)ax - 2[) x? ax: 
ib a 4 on 0. i 
Tis ager a Te 
Be bg KOy.. 8, ....64 

rae oar 2(—-), ~« 2(= = 
{ A 3) j (3 = 3 ‘ 

Be Seana i ; ar . 

ee ° ‘ he ‘ 

4 Se - 4 * aie 

ty 5 4 “ ae 1" 
ae ‘ ‘be 
4 \. 4 ae : 

. * De eg eogee ss ' 

' 1, 4 . ni 

ae 

A za . em] na 
W tos 

. ree ren | . 

‘ 1 3 2 : | 1 
13. '(a) (8 = x°)dx - 
“1 ‘ -1 
, . \ ; 
’ 4 
‘ \ 

2 at 
oe (v) (8 - x°)ax. - x° ax = 
ee. <2 -2 
md “4 , * 

F ad 6 
; = 2(8x - ‘ 
* 
é 
' ' 491. 
' ih tie io ' i 


0 : < 43 * k an 


. Fi i 
’ 
ae 
Lad ( 
, 
4 + 
i i ee a 


- 
14 1 
{ ‘ age 
! ve opt 
A \ ft ‘ 
E 
uy he 
' ‘ , 
‘ , 4 4 we 
dpe fae Ce & 
ra Ve a 
' \ : a i 
‘4 5 
oe d Vgs 
* ne  e 4 52450 


% Peg * FS «? 
Fog: 


, ’ 


te a The ys einx, yor cos x, x 
$i : Fost : 
« ? , ea 
er ae Ps " 
‘ \- . 
% ‘ ‘ a : 
rs ‘ 4 . 
: oer ee 
®, ao” oe) i 
“ow waar . 
eo a. a oe 


we. * me yn aS, 


fos . ae Hi ’ eg 
otal Bb i ten Fes coe ! he. ray 7 
Oe r ta f 


Dg ? ‘ 
. . ee ‘ 
a ‘ oa | 
ers 
. f ft 
@. ; 
* 4 
» i 
O aiiclp.” ge Se 
* 
~ 
ae a 
- * 
1 ar 


° 


= ‘0, 


)s- ad 
(cos x - sin x)dx 
a Ey 7 be id E28 


. - 
iJ we 
au . 
‘ 
’ ¥ ‘ 
. or ad 
‘wees 
eo -% 
’, 4 ‘ erik 
a ey 
‘ 
my * . 
. . x 
iad _* 
* 
' r : 
<i = , es = . 
a ‘ ve 
ad . ‘ . *. 
pe ‘ a) . - 
hee, % ; 
Hf . & 
”“- } ; : 
‘e? oe a N 
4 . : 7] ; 
a S 
rN = , : a i 
a % ra . 
Bs ‘ a] + . 
fs 7 . * * 
. om 4 “¢@ te . 
4 ” oe ae , 
a ‘ ’ 
re ’ ok es 
a ' ah 
a wi yt ‘ 
e " . a 


y = cos, x to TOT ' 


. bie PF @. 
tbs a ft Se, ee ee 


e- Fi ’ # ‘ 
rf ries ' , 
a) ay . 
ae r. ave? , r ™, a 4 
i fr ‘ ¥ ? 
‘ 
‘ » 
‘ . 
‘ 1 
, 
\ Fa 


‘ ‘ De . ' sa 
ay. arts : 
‘np ae , 
ow 8 = : Pa ~ 
“ ue ' s 
: oe a + 
‘ ® 
! ‘ | 
. ax baat . 
Or ve 
Phy 7 25 a 
‘ * ee & 
4 is 
ee a | ; 
wi ‘ 
‘ ‘ . ake * 
Sl q al, ° 
. ‘ e°' ’ bi 
‘ Rt ie ‘ 


ft 5 “ 
” . - . 
iD é ats P . ra 
i ‘ 
rad ' . 
‘ . " Be ey 
. ¢ ip Sweeny | 
t ' ; 
od Me ote * 
bs = 45 ’ a i * 
- * . ' i 
: 2 ie ' 
. ‘ 2 ; 
e . 


4 « Ry 

4 hs 

a oe oo SS 

we , ‘ ee 
, © Re 
ts 
& . “ 

ant 

cae 
ie “gar || 

yet i ’ ' 
3 , ih r . i me 
AY sta - Y oy ae es top aM 
' . ft 

‘\p 8 SS get ' io ‘e 

a 3 . ee " ‘ ' 1 


Solutions Exercises ‘15 


ce 
e-: 


pe 7" 
a he. eae: MEE re “Vax = (E = x), 


1 2 Pes 
- (c) A aid a(x? « ax wey (x? = 1)dx 
: . 
3 


ee Bo) aca) 
ee 
aia 


trates 


ive 


ek 
“aaa? 


a. ry 
ar . aa ~ i - . 
rs . { - ey Ba r 
‘ u ' 1 ’ a : x 
ie? wy [Fea x* cateus : 
gh MeRe | 
o4 ie (c) A= { (-x3)ax a x? ax 
a a OG x* | 0 i ji 
; : “* + ‘ 
a | Tv ai T o” 
oT Sabebeb 6+ 8 


1 if t a 

4 ae 
- ‘ (a) x ax Pe =: oo 
laa ro ee Lek 7. 8 


a i See 
(b) { |x]ax = \ (-x)dx + { 
¢ “1 ; -1 


(ce) ‘Same as (b) 


». (a) Game ne (bd) end to). 


ae oa 


* 


a,> % a . .™ 

e pe fe 

a : h, vx + Yl ' 

© ae wl ve + x 

BO gp : ee A 

ie at OW -{ (1 + Qvx + x)ax 
i. sr a 


bead payee es eee Vy 2 1 
h 3/2". x* 
' x x > 

is ; * 5 ’ Tr 0 


aide i 5 toy : 
f og aisdebed 


‘If the. class has done translations and. rotations, this 15 an excellent 


_ place is use them. "l Otherwise, disregard the following statements. . 
~, 


bk ‘| This te the equation of a perabola for O<sx<l and O< y < rig 
This can be seen by first simplifying” yx + ee = 1: 


a x + 2vxy tye] 
bxy = 1 +x + y®.- 2x - oe ER oh 


Pe 


x° -2xy + - 2x- «2y +120 r 


Since B= 4AC = (-2)° - Wi(1)(1) <0, the graph is a parabola, We can 
rotate the axis 45°. by substituting By . 


x = x cos 6 > y! sin O'= Lin - y") 
we yo ‘ 


» y= x! sin'@ + y' cos 6 = A(x - y') 


{20 Rie: equNbsor* x? A iy gh - 2x - By +120 


Lala 2 oath ats yt? eat ve Ets if tee 
ere ee ae vas 
bce ae \ 


2 tee ee 


‘ 
’ 
- 


© a Oe ; 


e 


3 


1e@ 


ve have 
which is certainly @ parabola,  « 
5. Since y* s el symmetric with 
reapect to the #axis, the area of 
the gntire region may be expressed 


ced Therefore, we — , 
| ‘i 7 a 1/2 
A=?| Mxax=o8| xx 2 
oR." \: 2 
4 


: ‘. : eve + 2 3/2 
<< 3 0 


‘ 


~(-2x")ax 


ae 1 
r-{ Pas | 
fe) (9) 


; 1 
x3 ax + | 
ce) 


7. (a) Subregions 
following: 
Region 


a) ' Region 


are 


“ Region 
Region 
Region 


“@ 


—_ 


PEs sen ge Rie ee Be he ee ee ne 


Now translating the’ .x", y'-axgh, by substituting ty F 
id : i : ; ie ' 
xt = x" + = and y? - ‘ 


: wy"? = vB x" 


SERED hy 0 Nie fart ators 388 


Bini . 28 


vs fhren Ay + Ape Aggy + [ayy -\Ag) 


* ~ 


4 


= 


ne 2, ab | +f" eae (cs Vx) ax + ic wea vadace [? ‘af “ax - [Mtoesan oe 


(b): Bubregions are. » defined by vie 


followings 


Region Xs, 0CO" 

‘ Region Y: OCD 
“Region Z: | OEF 
e. Region Wi IEF 


eee Ay ty Thy - A) 


-(e) ‘Simplifying part (a) 


" * 


re 1. ths 2 ay le 
ae as aan ( (a saya’ | (on 2)ax ear. . 


0 
i, fas ‘ay Ae WE: ah aS 
> we| vx ax + vx dx +. =x + 2)dx a my ea ow 
he 5. 1 1 Mt ae 


ne 6 4 
= - af seas |” ((-x + 2) + vxJax 


 pimplitying part (b) nye Ps “ * 5m wee 

; a aa A Ch ee a 

Ae ie vx ax + ( (-x * 2)ax + | -(-vx)ax - (ox + 2)ax a: 
1 Go . 4 2 as 


\. h 
i «(Maan Pie ar (on ate [on oat 
ee ar a 1. ei ae 


, 1S Wy es 7 
- a Lb ve ax + (vx ax + Vx.dx + (-x + 2)dx ° 
ee" ° 0 1 1 : ge a 


Lo; Oh eo f 
2 ‘aa | [(-x + 2) + vxJax ‘ 
A 1 lt t ' 


t 


In order to see the, relation- 
ship between this integral ex- 
pression for -the area, divide 

. ; "the region | into two parts: 
. If we add a rectangles “in 
region 008, we have éach rec- 
tangle with a het&ht of, 

vx » (-4), or Yeve), ’. 
If we add n rectangles in region FEF, .we have each rectangle with: a2 83 
“e a tetght of lone = (ovx) Hor tex * 2 +k)« =. <9 ee 

. | 497 a, ae 


: G0 ; ‘ { ‘ . 
. ’ aft ‘ tt. ack te “ey 
i, ag PG . fei te hs ti 
ae ‘ ~y ' ae id hg 

4, PY on , > 1 


ot 


~ 


, h Ty, 2 
[ sais (4x +2. * ; 
ota eRe so] : 
“qeanyais-h pbb a 
m Le >? o" 7s 
ae i a. ge yk 3 
aoe Pe i page i iva 4 G8 ae 3 a ae ae 
) 8, to, " hueis Of sion a (2x = x°) ‘ s & ee 
; ae 0 ~ s 
* , 0 ‘ * : 
(11) ares of Region II -| (2x.- x QNax ; _ 
-1 ae 
(444) Pe of Region n-| -(2x » P)ax | “4 rH ay 


ss - 
(iv). Area of Region IV = 4 ahde ra. see me 
ai . ? ean iinaindl 


” ‘ a . ‘ ' 
Area of region bounded by. y = ex = x7 and y = =1 can be expressed. 
as follows: : yi 


i 
A = Area of Region 1 + (hve, of Region TV wd oi Ragton TK ° 


- Arga of Region 11). 


| —— 3 0 Goa phe 
; = | (2x = x)ax + 3 dx + (ox + x°)ax + | “(2x =x" )ax” 
“ °* ) -1 “lL ee ar 


se 
\ 


Combining integrals 1,'3, and 4, we have ee 
Sate 3 2 3 E ee 
A= (2x = x°)dx +. 3 dx : 
a aii 7 
3 2 ener 
s = (2x - x° + 3)dx 
: «1 , 


(Note that (2x - x") - (-3) or (2x - x? + 3) is the height of 


each rectangle. | 
6 ‘ ' *. N ‘ 


¢ ; f - “& 


4 é 
bE Eee ae 


} 


Sa Co) ne Fae oa aa | q 


* 1 


ss ie 3 he 
fai te Mie i a 


' ‘ 
Cy 


' c 
9. (a) y = cos x ° , ' 


ly = rein x 


. bo Intersections. tor |x| <a are xs = a X=- i . 


a : 
‘ 3 Ae ee at nae ' 
cr en ale “Eh oe 
As * cos x ox Reotn x)@& + Pee x) dx $9 gies 
a on/ii cA Ye a 
: . : (-cos x)ax ty 
4 ’ ) ‘\ |e ' ,. 
area above x-axis area below x-axis. ( wil - 
: Combining integrals, we have - pias 
3n/h 30/4 ‘—e 
As cos x dx + gin x dx = | (cos.x + 8in x)dx | 
-n/ 4 on/\ on / — 
a, (Note that height of rectangle is cos x - (-sin x) or 
aM ‘(cos x '+ sin x).] : : 
{ wea | b . 
7) ere - 
: ». A = (sin x -cos x) = (sin - cos 4] » (Sin (- 1) -cos(- 
’ J -n/4 7 t + . Q , . 
: wf bye (ede tpn tee 6 +! Vv 
(: i v2 vo WF WB, : ~* 


3x /4 
a / 


oe, 


h . 4 
(41). ent sin x)dx = cos x at => 
r (. 3n/h 
(411) wer x wath x) ax «(etn x + cos x) ee 
nn Be IL) 


. 


(vb) © (1) | ~ cog x ax = sin x |. 
So tan J n/y | 


n/h 
‘dae F ay eG" 
(e “3 “BA * 


(iw) These ‘are ys areas ae answer to (111)\4e zero which 
means. that ea bove the axis is equal to tte area below 


tie axis. 


Find > a when f is an odd function. 
J 78 ‘ 
' Since f(-x) = -f(x) the area bounded by x = -a, f(x) and, 
x = 0 has the same magnitude but-opposite sign when comred to 
the area “bounded by x =a, f(x)’ and x =0. 


Singe 
then 


(vb): When f is an ae function, f(x) = f( -x) : The area. bounded by 
; A “a, f(x) a x = 0 its  humerteally equal had the area bounded 
y xX =ea, f(x) and -f(0). 


7 . i ‘ 0 a . : + ; ; 7 
Since * “~ f eS a" 
I é “a 0 e =< , : *. f 
. - ° : a Oo a a A ‘ 
then f f + f=2 f ; ie 
: , - ia +a 0 0 ? : 


u 


u 


= 


(c) f. (x3 5 3x)etin x ax 
Js ‘ Aagn 
ae eee (x3 ~ 2x) ie an-odd function, 
et * ain x ‘ie an even function. | . - ’ 
The product 4 * goxis an odd function. o> Seg . Ped 
& a f . : e ' 4 
Thus |. f eS a 0 ee part tof ; Pog ays oy is 
* 8 oS ! ae F 


‘ ; . a go aks ; 
,o; ble Tf Pl ef “and gag ‘and f(x) < e(x), axxsb then f | 


er 1 amebe rer i” 


“F(b) ~ Pla) ¢ a(b) = O(a); By 7+2- ‘ty If f(x) < < e() for 


ee 4 oe - 
a <x<b tibet | f <{ _@- By the Fundamental. Theorem of Calculus 
ve a a eg . 
: pie (erly es ee 
f= F(b) - F(a) -' eon 
. % - b 7 x . ‘! =~. Wa 
f geG(b)'-G(a),” | ° * 2 oh 
a ie Me. ag 
F(b) - F(a) < G(b) = G(a). : . te : 
ft =H) «Hal e Ss ‘ 
i . 
' \ is | ‘ 
_ Verify (O(a): a (f(x) + @(x))dx = f: f(x)dx ¢ s g(x)ax. | 
‘ * “8 a ’ t 
Let atx) = f(x) + @(x) and H(x) = F(x) + os. a t e 
5 
{ sabe = H(b) - H(a) ’ 
ba } . ' , 
" = (F(b). + G(b)) - (F(a) + G(a)) ge ete 
. ‘ F : ? = 
vo: & see ; = (F(b) - F(a)) + (G(b) - G(a)) '  -¥g 
+ b ; —_ 7” 4 * 
. = { f(x)dx + | g(x)dx ile ike 
m - wane be i 
, ‘< W = 2 ian ‘ : 
: eS b : 
Verify (5)(»v): ° i ef(x)dx = ef f(x)ax 
% . ; ~~ ”* > % *, = ’ . ' . ) 
‘* t 
' ahs 
t ; ~~ / 4 | i 


q ¥. ; “4 bg 
’ ig a Bie 3 db . ake . . 

eG? { ¢ f(x)dx = cF(a) - cF(b) 

Lo, oa pape ee 

: a 7 4, (PCa) = F(d)) 
RN 

¢ & “| (%) ax 

a 


b Pe 4 
£(x)dxy acge<db 


f vlitins = of! fhadax , 
ee oe 
set od ‘ tue of t(x)on = F(c) a 


ty 5 _ 
Verity. ()C6) 


oe 


oc 


f(x)dx = te) ~ F(c) 


+ 2 


cs 


* radon + _ hes = (F(c) - F(a)) + (F(b) + F(c)) 


= (F(b) - F(a)) + (F(c) - P(e), 


' b 
] f r(x)ax 
a 


‘, 73 : _ 
~ 95, 13. F(x f where fi: x +e 
| i ai. ‘ 


’ 


"tl Pay =o. | 
( aa b a ? » x 
: (b) . Since f fi.= { f then rN = { f 
; a b 1 
: / ; 


¢ « 


"= -(e" ~'e') 
fa : ee 


a 
(c) F'(x) =0.+ e* « a 


« ° ? b 2 s 
(a) If G(x) = -g. then G'(x) = -g(x) 
ce 4 x 3 
‘Recall. that,the Area Theorem stated that when .° ie 
; ; : 3 
F(x) +] “f é ; 
a d 
then © F'(x) = f(x). ’ wi 
, bist os ; 
e . ss ' 
\ os * * . a rs 
ee = - 


The’ "Lategral (x) = Re must be written as an integral from + , . 


pee to: x _ rather than cron: x to a. 


o We have defined i. fe -{) ig thus {; gé = oe g “f+ 
ny “ ' a b % ¢ , 
4 Thus * O'fx) « “e(x) | 


: sv by oe 
is ey =fie Ae a. el. 


Mherefore ne Ce +i) - O° oe 


0) tt is intuitively aeeioak that 
this area is also a This 
problem @llustrates a type of 

| problem riot discussed in the 


“ \ Since it would be very , 
‘ , _S esti to set up the area 
ky integral so that the rectangles 


" _ are summed along the x-axis, it, 
' 48 possible to sum rectangles 
along the y-axis... Then we 

would have 


’ oP | fc , . Solutions Exercises 7:6 
F lI. [us + ax = 7: + x . mb» 
” ‘ 
i, es - 
2. yeneitors 2 x rae a oe 
> ‘ mg x an 5 ; oe : : 


Ht fa - . 
ye ae C me peak 


nekenas Rox . ri = 


peas 


HORS - eh = 4 sin(2x - 5) ae ae Pa 


i. ox) ax vt ex dx s'e(- 2 cos 2x) & = cos 2x 
‘ ¢ 


* 


wiE 


ee 
cos 3x ax = 3 f= 3x dx = 3 an 3x 


: * ee re 5) 


2 sin x cos x dx ~ [om 2x t= - x cos 2x 
Se Seen eae SO eed “es 6 


le. 


‘13. 


mn ve 9. (e - 1)]dx = -[oet sx - 1)ax *e Fain( 3x - 1) F ' 


; f oath i 
os dx = a 1 eX : ' 
; r i : 
Ys {ee ax eget! eae °e 
15. { (e* + «*y* dx = {te +2 ve dx . ae +-2x = ; eee 


f 
“Z +a _* 


= 
4 


ne oe {2 sin x dx = 
rer ae 

& 

‘ss 


*. 


; : : ¢ 3X = 
aes (aah aro EG ete be hx) oo * 


Beep wae) ANS YM ha ee a. . aa r - 
ioas Ve be U : a 
& «? : 
bd he ‘ 8 * 
5 Lo . ras . o 7 
ae ; a ae 4 é 
6° 6s () x°e*dx = x?a* ~% xe*ax eo. 
oF x°e* tr ee oR 4 . *  e4 
oe ee : fk ea 8 Bag 
ar w xve™ ~ oxe™ + 2e% ‘ Ba aba 
‘ 6 4 PERT NG 5 + a 
é . ‘ OES ox 4 ° 7 ake! 
* me i Or 7 : 
tT. { xe ma «xe 5 afte BA y= ae ; 
\ " =x xe © eX (x> - 2x-+ 2)J "3 . , 
oe : ‘es 3 “ 3x * si “ 4) “a , ‘ a he i Oe 
pAtye whew aat - 18k te of 14 : 1 I, tye waa tw " Otani pe data 
’ - i] 
' 16. | xtetax. . ate - 4 hae ay . - 
‘ z 
% i * ae ‘ oo: =i mn A Fi to ie 
A * wate = Mex? ~ 3x°'+ 6x = 6). ; ; ee 
e © eX (xb = yd + ax? - atx # oh) >” .< 2 shee 
P Xv . : . . ‘ ane \ 
~ Pe ae os 
2 me: ly. : fe Ses 
s. « De [om x oc = Gloag, «=D | zl / oe bg 
3 x 1 re Me . * + 
pt ve \ x 108, x oN * =j{ log, X.° v “3 ”. ‘ 
: AN ‘ ws “ . : sow 
. : ay ; : A > ; 
fi 21. : [ # roe, 6 fax = Shoe, x-}) a sen fe 
“ Va pu e ‘ f . ae 
' 22, fe sin x ax.= x cos x + 2x sox a: > a ‘ 
. : a 


2 cos x 2[x sin x + 


‘ 
al , . : ; 
2x ‘sin x + (2 « x°)cos "x a ae . 
3 F * cos x ax % ae Pe. h 
. . . ae ie e. 


“x7” cos x + 
‘ 3 a) 4 


-x cos x + 3[x" sips - 2 x sinx dx) = . Pa 


“x3 cos: x} 3x". sin “x Pp (pe cos. x ‘ sin a) ‘ve 2 a 


52 
-x° eos -n + 3x sin x + 6x cos x - 6 sin x: ’ 


(6x “ x3) cow’ + (3x° - aie ae Py iM 


eo." 
5 +1) --(0 - 1) 


oh 
oo 


sae 2 
eu el = 5+ 2m 6.9 


ie . t . . . - . 
. ~ k \ . ‘ tn a oo 
ive it Re! fe \ i a ee a 
{ a ‘ 7! 
: en 2 \ | en ie SS 


b Ret 9 ee wl a + gin x)dx < (- cos’ x) re B (2n° - 1) - (0-1) = One 8.2535 : ef 
ae 2 WO) art nae ag 


te. * . rf « 


\ Va ww, j _ 


: oe 4 8, : ‘ L e* + «* : . * "Tr? ; 4 . : oa” tig i * 
wig et a et a eee : , ah a 
ore - oe POG? de \" ; & a - ot a oe ay 
ee Ja aan ' . ~ "i hin fy eee ha 


‘ 


: i. a Sal 
- x : - *&Phis function ora 
Ki . . * ¥ 48 ah even function. There- 
ee a ee . 
oe ore ’ Ce ia” synmetric to the 
“axig Making use of this 
ie : ayn we have : 


a . 1 eX ds. e* ‘ 
(a) | —z— = 0, Here we have 
4 el ° ; 
woe 2 


) a an odd function which means that 


Pod 


‘wt the curve is symmetric with respect 


the origins @y/ 
~, me 


. 


an iy [Be 
50. (a) | *x.sin x dx = (-x Gos x + sin x) |: 
0 ; + 0 
Z » ; 
: = (-2n + 0).- (0 + 0) 
~ 


~2m 


E cs’  2¥x(log, x - 2) | : A os nS 
4 ’ o 4 4 1/: 2 : oa 


‘= [ee(2 = 2) 12-2 3) 


, 68 8 wo 
Sof =O+ cats 2.96, 


ade 
% m(. a ig 
ae 


es ww ; ‘a 
: (x =.2)°% H 
eer 3 e: 
‘ aes. ae es “s 
4 — a * f iy ; Wf 4 
5 ig mse =+)] a a 
| 3 : ,.& 
1 ; 
= 2 t) a 
“ U « : 
f ' 
. == a e 
¥ . 
‘ ee es Ve 
| 
e 1 . ' =< " 
ie : . 
Fe : : \ 


| 4 “fe Ss" + + 3x x) dx 


nG penieee x's 1 by x (ies, x 
‘xy #1). This linear substitution 


Replace *- 2 by x (i.e.,'x by , : a beer . 
. on * I * 
‘x + 2).° ‘Thig linear subetitutiod y , 
leads tb rs : 
‘ 2 aor 
' io ae 1 , 
fe 4s: alec. . 
r ‘ x 
Oe i ne at 2 i 
: = ox =< te l= 
ts ‘ 
- F ' 
Aaw| xtz~ 1)? a 
i hi t. : ae 


a 


"a ae har 
“Gee Bs ee 
=(%- a + - ae fae + -_=— 
{ 12 5 a) "UE pri-i 

Bo chied 


leads to : 
= lioaas as 
Ar, 8, 48 “fx ’ 1)x? dx 


k 
oe (xb 6 hax - ta ‘ ap 
L 
3 


x /2 SET ee 
“3h. Am | edn 2x dx, oy 
‘ 0 


‘ 1. n/e 
, 7) Ge A cos 2x =1 

. ey 
Substitute x for 2x (t.e., 
let x= 5) : 


ot i 
= => (8 = 1) = 3 3 


’ Substitute x for 3x (i.e., let ~ : ° je 
: x n . 
* = 3) ‘i i f 
‘ 12 , ‘9 Po Po / e 
ee “AL.s.. = i{" (vx dx i -* ; . be ' i 5, ‘ er 
1 yp \3/2)t* ' . | , eu 
a / In 
‘et 3 4 i, oe rs 


ee 


: re ee oa 


asl 
To Meer. ke r : i 
(a) An intuitive treatment of this problem leads one to compare the 
graphs of | " 
f x + log, (x) , x >0 
and “@ix + log, (-x) » <0. 

* 


‘ 


iad tangent line to f at a >O has the slope | D log, a ¥ i, 


Sebnues of symmetry the tangent line to g..at b#-a is thé, 
Po, ite of the slope of f at a>O. Thus the slope of g at 
It follows then that D log, (-x) = i, 


, 


If we look ak back a. he Bee (13) ‘we can. obtain sas same results 


“atrectly. ; a 
‘ 


c 


D log, (ex + ay = i Tosy 


Let c= -l,d +0 and a.-e 


“1 21 
D log. (-x) sa 


Ri sd 
‘es 


= = Log, (~(-1)) : 1og(-(-3)) 


ne 
1 ax 


¢ ; Yay 
37. (a) By the Fundamental Theorem of Calculus f mugt have no gaps on the 


1 


interval [a,b]. In the case-of f: x=, f on the interval 


ee has a gap,at x = 0. Thus we cannot apply the Fundamental 
Theorem of Calculus. :* 


lim (log, 1 - Log, dy 


no eB 


lim (Log, 1 + log, n) 


no 
0+ @ 
‘ . & . ¥ , 
a | Pa PS 
, = 0 if 
*: : ¢ 


: hey The ares’ assigned to the r ae bounded by. y = = fx #0, the 


a. y-axis, the x-axis and xf i is well defined so longas x. 0. 
sae . This area has.a fimite y4lue bo long as x had a finite value. 
Should we take an integral with x = O as an endpoint then the 
integral is undefined. . f 2 
, 


" 


‘i ‘ * 
(a) Since f has a @ap on the interval -1 <x <1 we cannot apply . . 
‘the Fundamental Theorem of. Calculus. We'can, however, try the — is 


~ mechanics of integration. We find that our answer ie zero. 9 y 
i. ; _ | o 
"> ¥ { = ax = log (1) - log (-(-2)). a 
J 4 ; -1 f - | : 
hy “3 * 
; ~ : - or 0 - 0 é i» 
- é 
ee ot 80 tikes 


_ ‘This might be edtinhateite to the extent that we are integrating over 
” two areas with the "same" sal a aa but opposite in sign. ' Thus 
—? cancel each other out. 


On the other hand the fac Gomes in our effort to write the 


wc oneny, nbeded Ps cancelling out areas, namely: 


(ve) a Oy ; a 


off 


2 Teacher's Commentary 


Chapter 8 io 


\\ DIFFERENTIATION THEORY AND TECHNIQUE 


) Solutions Exercises 8-1 


Le (a) GQ) | oy. aad’ 3e 43 

y + dy = (x + dx)? ~ 3(x + Ax) +3 i, f a 
. wx + 3xe Ax + 3x Oe + Ae xR *3° - 
OW? = 3)dx + 3x Ax” + Ax? Pa | 
OL 3x7 - 3 + 3x Ox + Ax a, 


f 


(18) Bo tia fan 3 - Sap ee Ae eG ' 
-. (0) 4) oye . 
; yt+dyekt+ ox ' 
——— e+ kk 
K+ Ax + x . 


ay . x + Ax - x : { 
Ax x(a + dx + x) 


. a 1 1 
P (41) De rim OY atin: by yt'o— 
eno az ove 


Ae) (4) y -3x° - 3 


1 
BES 


y + dy = 3(x + dx)® 


ay = (322+ By acs ya? - g2y+ (he adey | 

x + Ax -- x.’ ms % 
x(x + Ax) 4 se 4. 
; | 


Bx UO + BAK + Sen , 


(11) wu Lim Wb +t or y= 6x ts 
d& +0 7 x" x 


a Gx te + Bax" + 


Y 
R 


3. 
/ 

# 
at 
: 

ok 
<a 


ine % 2 2 . 2 
(c) ‘The result a7: = (L)" certainly holds for y = -log, x +c. 
3 | 


> % 
Othervise it is not. a eaperet result. . 
f(x) ®. atx) =1l+ + 3x - 2). in the sense that. lim ts) = gta). ‘0. 
-" "x 92 ; , 


_ Near x = 2, es » g(x). Thus #(2). 8 g(2) =1.. 
On the other hand f£'(2) need not equal g'(2). In fact £2) might 


not even be defined. Take, for example, f(x) = 1+ ‘13(x = - 2)|.. In this 
case there is no f'(2), even though ,f(2) = g(2). 


te She (a+b) ER - wi | r(x3/?) 


ax 0 


B “tt ei ‘ 
ee 2 pai? | | oe ) 
lim. se) ai. ='f(3), where f(x) = x. 


ane £"(x) = 2x 


a : 
yy : 3 3/2 
(d) lim (4 + wg 3/7 93/? = f'(4), where f(x) = x /e 


7 ae 
ee §=£9(x) = 3 vx and £'(4)%= 3 


516 


*&, 


; ; : : ‘ : A, . . ing - : 2 ” - ¥ ; Ms : r , ¢ 
. Ms ma 4 De ar : 6 1 6 : , . 

| 6. Tien)” « 20) . 
. 4, te Be die 2} = -f°(1) ‘where 


a ho” é 
PS xo 
sy f(x) = 7 
\ “ £*(x) 2% ana f*(1) = ; P ry 
¥ Ree i th 1 
ta tte: coin (x +h) =n sing | Sigh “where ¢(x)= x sin x 
" Ak 90> , a 
ep 18 2x) = « cos x* and f(x) = -1 


Jani fds t + o(% Ee a a a oe gi! i 
} Y , &x > 9 
- : . e(x) = a cos (x - 2x) * 


5 = ; - WZ) 25 a 
f"(x) r sin (x 2x) eo f (3) of in cn LB 


6.:° (a) f 18 con- | 
tinuous: for ~ 
all .x on 

the inter- . ’ 
val 

-l<x < 3. 


Ab) £ is d?acon~ Z 
tinuous at 


x= 0... 


(1) First criteria, 
, ds satisfied; 
oA i.e. £(0) is 
defined. 
(2) But the second . 
criteria is not 
_ satisfied; i.e., 
oa f(x) # f(0), 


(c) f 18 continuous ‘at x =1, because . 


a 5 (1) £(1) 4s defined to be % and 


(2) aim Sake rim 2 be £1), 
‘Mgebae de gg OF > . 


6 _f 18 discontinuous at x = -1, because Pa 
‘ “(1) £(-1) te not defined, ana my _ 
(2) lim f(x) # a number, 


: x a-l e, EO 
+ : : e 
«s The function f te said to be discontinuous on ‘the interval, 
w Z 
ee: 
‘A 
* r ‘ o. 
} if , t 
"et 
y ‘ ¥ * 
a . 9 x= 
eo ae 
t * ie 
? 
tf 
a] ‘ ' 
' ‘ 
. © , e 
bad ‘ 
‘ bp ; 


*# © * ' pie 


. 


ce (a) ft “ie discontinuous at x= 5 ’ 


a iota tae -Sinee’ lim ff lim {. 
aie _* tei _, i+ 
, ye ete 


2 rn Tae : 
. | ae | 
Mm f is continuous since both '  ahy 
-eriteria are satisfied for 
ie x= -l, and x = 2. 
. \ d @ 
a 
| > er ‘ : 
a 
1, 
ae P 
1 cl gee ee 


4 (a) f+:x% 9 |sin Xa piers f ; a 
cs a 2s i -sin x for’ sinx <9 
5 se > as cos x for O<x<a 
‘ , a 2 % ay £"s x ~ . . i : = 

a -cos x for n <x < en 
f is continuous for all x. re me Sf 


sin x for sinx >0O. 
x7 7 ; 


ie f is not differentiable at x =)x, ‘since lim f’¢ lim f’. ae 


a 


y = |sin x| 


oe 


x 7n7 x x oat 


“(b) £3 x +x3/? “eoatinans 


” ‘for all x.” 


fo ts x= 7 vx , f\ differentiable 


for all x. 


(c) f a , f continuous for all x. 
ff 3x7 , f not differentiable at x = 0. 
38 7 
: r 


At x =O, a vertical tangent line exists. 


<a/n a ae 
(a) fimo”, n even, n>2,. f£ continuous for all x in’ 


a oo _. interval, 


; f': x * Gre ,f not differentiable at x= 0; 


“At x= 0, a.vertical tangent line exists. 


; Graph of x-> xi/n 


for n>2 will. 
fall within the } 
shaded region. 


. 


a8 
i,t af 
oe ye a 
hey he 
‘ 
* ve 


Ce) eget, n odd, n>3", .f -continuolls for all 


‘ ict Mm, eae 


= \ ft: 3 oir sqft not sar alas at “x 
I. 4 nx ™ " 


¢ 


At. ¥ = 0, a vertical tangent Line exists 


. 4 
1) 


“Graphs of x wails 
vd 


wre, WL, 


| fo¥ ah.3) will fall 
‘ +) sauttitn the shaded region. n 


oyley 


: x geeks f continuous for x._ 


pm 


», 4, differentiable for 


all x®., 


»x>O0 
y Ra< 0 
»%*>0 


»% <0 


a ‘ rs : . 
(g),. £ continuous forvall x- 
, f differentiable for all# x. 


es 


+) 


8. () Ah; : ‘cos mks ae, ; 
_ 2 ‘ - ge} ee oo 4 : 4 
~& <1 - 068 225 .% es a 
. , ui " 2 ® 2 s Ms J 

=1.- -5< -cos << -.1 + > a : 


Fi te 


' * 1 + = 2/c08 x ¥1*- 4 
* er ‘ \ 
a P ‘lim. 2 +o s 1 , = a 
cP x ~0 * ~ . | 
wn fo x i 
a? 7 lim a o e% =l - 4 L ; ¢ 
a” wl RepQe” oes : an 
24 Se \rms el < lin. “cos x<l sea ‘tte cos xX = 1., \ : FE 
ae ‘ x70 ~ @ SO"; : , ef 
Fis bs , . se" y — , é = t 1 1 a?) x t, 
ee « (b) |sin x] < |x| <-# ~ oe oe eG 
Rta Mats ere . 
ni |x| < sin x < |x| a4 : Rs 
ae { sf ; 


lim -|x|,= 0 - a + . oes 


ae yo x20. .° : : Le 
: Oe ket rt ee aul ’ ‘ i 
is i t - er ia’ lin |x| e 0 at, » %, \. i : e 
ye oe : : 4 7 
Yet 3 . wo . : ‘ o* ; 
a “Ths, O< Him sinx.<0O and lim stn x = 0, ote ae 
‘ x +0. x70 : : eo ; ze ris 


’ ; ’ i 4, : ; .,. : F ‘ p | - 
ee (¢) For the, sine‘function to be continuouseverywhere, that is at every * | 4 
Le 3 : yal » point a, it must satisfy two conditions, - a 
ONT 2 e é Se 


an 7 .. () sinfa)- mst exist, and ‘ eC 


< ye : }a)- lim .sin(x) = sin(a). i 
i xa 


= 
: 


AB for @), §in tay exists for all real values of. a. ‘, ©” be 


: . + When ‘a #0 we found in part (b) “lim sin(x) ae = aim.” “For: ae 3 
‘a ' x nae 
‘ * , some a # Oo” we wet | find. “ ae 

ae Fie ory ; We ; lin sin(a) = lim sin(a + h),+- ae |x + a| = be ween 

‘ ae a * xa fi + o# é 4 Pe cy 5 


‘ ‘ Ws Ser 


7 : + wr 


a eee ee ec pice, me Adm sin a(cos bh +. lim 08, ie h) - 


ae. ES de, me Re ag h0 | dada rm 
¢ 1 ip 2 ; ie . 
agit! fa a eee a, i ‘ j . n 
a re. = sin a(1) + coe-a(0} on eo 
"4 aa oa) me + A ee” Oe a ne I 7 
: ‘ : rs : i oh, ‘ pareae 
rh &y =.sina ( <i! aw i 
1 Z * 
5° % 4 a ‘ 
v, Free wat 5 ears 
a . i ee : ae 
s ie 0 % P oad 
‘ a Ha, 7 ' 
wt | : gis tg \ 
; : are gh if a 
pe Phan 
nem ya, 2, 
’ we ’ Pa gt Be # < 


“ge fi xgesine, «>0 


me, 


(a) n 16 a positive imteger. > ; te 
’ L ; r . e 
i) f(—) = sin nx = 0 } 
: ( aa oe es 
Ve . \ 2 hn + 1 ; 
, Oy A ere Td = sin (—3— ae - ad an 
a 
= sin(2 > de " 
oe peoe sd . 
‘ ee “. 
has 1 \ ‘ n 2 p R ° N ; | 
| 2 : ‘h, ” & “ . ate ties 
w (4%) eec5 8) = sin(2 +3 ny. “e, et P 
% i 
: = sin(2nn + 3 x) 
rn. ae 
| gene if * - 
(bv) As *n-¥ the limits are respectively 
¢ @) ‘oO - ; Sy 
(41) 1 _ ™ 
(444) -1 


~ 
(c) The most specific statement that ‘we can make concerning 
Lim\.f(x) ig -2 <. lim .f(x) <1. But f(0)- cannot be defined 
x 7-0 P . 0 . re 
} as an interval. Thus,.there {s no way to define @(0) 80 that 


lim f(x) = f(0). , \ 
x~0 7. J ® 
* LW iy | 

| 


3 Solutions Exerciges 8-28 
This is an intuitive application of the Intermediate Valu: i There ~ 
were times when the motorist was going zero and at other times ‘YO. Each 


speed ‘on this interval from zero to 70. corresponds to at least. one in- 


stant “of time. For thisvexample speed was a funct ioq of time. 
a 


" (a) Consider the distance tenveted ‘tobe a function of time, say f(t) = 8. 
_ {the ‘change of distance with respect to time is speed. That is 
> u(t) = Vv. : © ; * 


Since £(0) = 0 and (4) = 200 by the Mean Value Thkorem there . 

existss0me t, in the interval’ 0 < t, <,4, such that 

: ¥ 
20g. - £0) £"(t,) ‘ 


200-2 2 50 = £H(t,). | f 


, . 7 é: 
Thus the ‘speed was 50 at least once. . : : 


—’ 


¢ 


‘ (bv) The acceleration was zero during time intervals when constant speeds 


were maintained find At the time each local maximum or minimum was 


reached ’ 
- . 4 , 
, 3. Consider a nection which Das piaal aa” ihre ig distance to elevation; say 
h(x). We see that n(0), = 200" and n(100) = 5480". By the Mean Value 


Theorem theye is an Xo in the interval O< XS 200 such that 


a ae Sega gue AS 


<a st 100 - 0 . » ae eis 
e ; 5480 - 2 1 ‘tle om fe Cae 
roe ; 0 - 200 mile — = oa : a a 
3 100 ~ 100; miles is get Fe 


= , 


. Since h*(x0) is ‘slope, at least once on the trip the slope was wouter 


Fae as 3 Tees a ° it 


ip 4. Since acceleration is the first derivative of velocity ,@fvacceleration is 
. . . I 2 - , f 
» * negative then by Theorem 8-2e the velocity is strictly decreasing. 
7 Bs. If er is nonnegative mee c ‘ts a minimum. : ee: 
A If ft” is) nonpositive then c is a. maximum. a a a 
et ‘ ‘ ae S 3 
cok Oe a ( ho : ee ee oa: 
: i . ‘ . ° Fe : 
ie ry ° 
Me sk ee ce ee tt 
by ° od + ~ = ; : 1 om 
te ' wd N 
‘ " ra ls NO deed ar es | le » 


, as 


Te = eas a ‘ : ‘ » ¥ 
‘6 Ge (a) If f£. ts continuous at c ie -e¢ is a minimm? But f(c) might © 
be undefined: or otherwise discontinuous so that, f(c) might not be 


‘Yhe finimum value of the function. ' 


. (8) If f is,continuous at c then c isa noxigfin. °, But f(c) aS Oe 
be undefined or discontinuous. J %y - 
se Ta (c) Neither a maximum nor a minimum occures at’ c if is continuous 
- pe at c. Otherifise it is’ unknown. " 


& pH 


(a) Neither a maximum nor a minimug§occur on the interval.. 
f ‘ + Te rf. ‘rt is positive in the interval a <x <b then f isa strictly 
* : increasing function by Theorem 8-2e. If f has a zero in the interval 


by 8LXLd, then it willbe unique. The maximum occurs when x = b and ¢ 


F the fiinimum o¢eurs when x = a. : ‘ , ; P 
. sod 4 
- ®. (a) A few possible functions are suggested \ : \ 
' Saeed 
(1) f:x- : 4 : 
ae ee ee 


(vb) (14) wn: x x cos(n xx), n is an even integer, n> 20. | 


\ 


: ay | 


“~ (4a) fax 


’ 


% 


hk 
f “is continuous, a<x<b, f(a) # f(b) and f(a) <d< f(b). 


There can exist “many values c such that f(c) = a. As one example, 

take the oscillating function f : x > sin ‘ for x #0. Let a= saa 
and' b = 1. There could be as many as 199 values of c.* In this case 
f(a) = 0 and .f(b) = sin 1 .8415. Suppose d= .5, then 199 values 


£ 


of ‘c yield f(c) = .5. 
10. f 1s defined on 0 sx<l. 


(a) f has a minimum but no maximum. 


i 


1 2 
: (<——) 5. it xh 


(4) fix-7 


Mle ple 


- oO , if x« 


‘ A 
:x ese mx, if x fl 


" 


(vo) f has neither a maximum or minimum. 


’ ; L ¥ 
_ My st ew ee 


ee fi "3 ; x, if O<x<l 
(41) for x 
i, 5, 7 » if x20 or x2=l 
%, | roe ono 
' P tan x(x - 5)» Afiog #0 and, x £2” 
i) f:x7. \ . 
€ ‘2 a oe » if x =0 or x=. 
~ * 
e 
ed! 
j . 8 i f 
rs ® 
¢ . 
Bin . b 
af . 
7 ; ; * 7 : F| ’ 
: (c) No. If f is continuous pn-a closed interval then therg must be |. - 
at least one maximuf amd one minimum by Theorem 8-2b. é 
; ; " i 
yy My, Bt xe +l and Py x >| "ff 
fas ee ° ; 0 
wt eo 2 - 
s “(ay P(x) =-x , 
- “ : 
a % " nee \ 2 
(by), F(x) = t(s) + £(0) he ei at 
Oy _ wy . > Se oe 


es 


By Theo 
ays b and f i 


le. f “is continuous on 0 <x < 1 and maximdm at f(c). 
~ all number of possible examples are presented. 
i 7 


\ , 


4 


rem 12-2 


ae | . - 
(c) If £%(x) = 2x >0, then f 
ne E 


f* >0O on the interval O<a<x<b. 


‘ 
i) et f(b) - f(a) >0 or f(a) < f(b) when 
a oy : 


t increasing. 


(a) @=0, £0) fo 


ty 


. 


(11) 


f:x7m +b, 


m<0O 


f; x + cot(E x +p 


aa 


— 


f:x >kx", k<0,in >0 


n is.an odd positive 


integer. - 


a 
» * 


~ 


e 


ad 


eee fs a a ay a | ‘i f 
: (v) fixw-sindx |, 
# -§ , > 
° 4 : y 1 Paes 
i 
$ 
nee ng (vi) fx +a(x-h)> +k, a <0 r 
a. : h<0 . 
4. > a ‘ “ 
2 ( 
r 
. fF 
+ ‘ 
(vit) f£: x 9a", O<ac<l ‘ 
7 = 
‘ < ; j { 
r r " fF . ‘ 


(vb). c= 1, f*(1) #0 | ‘ : : | , i a Fe 
tt) °F 3-a ‘bby ‘m > Oo 
F ee a 


ee 
: x + tan 7 x 


(14) f 
sx ie + a 


‘t 
o- 6 =(, 
- Li , ye : 
e t » 
, } : 
é 
7 al ‘ 531 
' 4 aT s+ 3S 
f ' ’ e . 
a ki F a \" 
ant? i ' t ; Md 
y an 
cf rf) sy ed ate Pa : \ 


Vai) ts tk x", k>0,n >0 
ees rs * 


a + : 
So AEG) ot x At ki 
“k>1, 0 is an even 


7 * 3 3 positive integer. 


Bt ate é ally) fx -rein 5 x 

eee -! : / 

S ' 4 ea 

‘ _ : vs { ' 
ae: 2° i. * , < 
tie (vi) f:x 7a(x - h)~ 44k, “ 
, a<6,h>% 3 St 

é 

Rie ee ; 

ity _ ath ) 

‘ae y ' P \ a 33 ry 2 . 

ie. tvtt) f: x sa(x -n)o +k, 4 

te a 


, 1 
a>0,h<5 


> ‘ 
; i 7 ~~ t 
P ° - F . . ‘ ’ 
A gk ‘ es tt 
: ,! f 
a ae - ? eg 
3 i ‘ 


& ‘ . 


. < : ee 
(yiii) ff: xa ,a>l ef) 


es cs = 4: 1 
ee y 


ay He cae 8 are ange 1 


= ge Hs differentiable at c. ; : ' es 


\ 
. . 4 
; ys 
532 ’ hye he 4 *, 
ee f wt p 
" \ : i 4 
5 " ” ‘ F . L ' , 
’ . eg. 
gn ag . = : ‘ rt YM 
r ‘ 7 aif . ‘ te 1% oe ¢ 
Lom Wee Mr bake on ok TD eee oh ot ee ke ck Scbin 


(4) "“ftx + -cse(E'x sss 2) a 


’ 


§ 


# 


fi: x k(x - x)*, 
k <0, n is an even 
positive integer. 


f :'x > sin nx 


and the graph has a corner‘at c. 


eee ere 


La) 


Lt) Fad 


oe, q . . P 4 P 1 

tele, ; - f. if O<x<= 

bi i 2 , , -— 

a ee WwW) tx a] " is 

D nd ‘ ‘ : ‘ . . f 4 * 2 1 ~ 
G(x - 1)", tf F< % 81 


‘ 3 
r ’ 7 


no f : 
a% sh O<x <5 


' ‘cot 2x, if Lexa ds 
: a . e-"- 


. 


4 at | ‘ a . 


+o eS (e) c/s ayn the graph ‘has a vertical tangent at c. 
i . “y 1 @ 3 7 

F = a a a 1 1 2 ‘ 1 
« . . - = .- 5 

; ; . ; 3 oho ae if O<x< 5 


oe , . 
" ‘ ; pee 
: -* (444) .f : x [1 - [Ox - aes ae - 
5 a : : 3 o “ yf 
a | . . 1 
mar 
a 
Py 


t 


i 
13. f is a polynomial function of degree 2, on O< x <1 such that there 


a 
are two distinct points c, and c, on the interval where f: is maxi- 


1 2 
€ mum ES * . F ; . 


(a) cy and Cy must be end points. 


(v) “Mere can be no third erin Betee. » 


ts), If .f° is maxiinum at, ithe end points, since it is differentiabe on < {’%. 
the interval, then the minimum ig at c such that f*(c) = 0 by 2 eS 38 
Theorem 8-2c. Since the derivative ofa: tena degree olynomial, 2 

' is a . first degree polynomial » there is but one Be | to the equa-| . 

Pe of tion £*(c)': = 0. Thus ¢ ie ‘unique. ° | 


ys. f is a polynomial of degree three.“ . 
py ay ay ep 


‘ a Cc ; ‘i a! le dl 
iw UE “ ft ‘ L . . z | rs a ae? 
‘ f , cy =O ‘ iC, = Ly C), is on an interior , ‘ uy 
; lect: > that ate ') ‘py 


rr ae | peal 


(b). There is no third maximum point’ on ‘e interval 0 <x 5 is. Soe 


“gy Mar, MAP ae (215. ; 
vfs . 

4h x x ’ 

* ! 
. ey = 0 ; 

point such that . A: 7 | 

f'(c,) = 0 : - 

; oa ee “ 
4 oa ‘ ae 


_ 


(a) f with exactly two minimums, having two maximums. 


83 * 0, ae ip an idjterior ii such thet _ Fey): 0,5 ° *y 7% 


Pe. a 


15, f tea polyiomgel. function 


(a) ir’ f As ‘of wie 2 then f" is a@ constant. | Thus ,. f dines ; 
eae 2 saviavly ‘aii if f" =k >0 qnd | strictly: concave { gx k < Oe , a8 


¢ ey & f ie of degree 3 then f" ig @ linear function, - % 


\'. ; f(x), = mx + b, m #10. When 4x > + Be , f is striatly convex for - 
. . . 
m>O and atrietly conceive for t < 0. When x < - She: is ao oe 
strictly one for m>O and strictly convex for m< 0. ee 


as aes ee is of degree 4 then ry is of degree 2. In. this base 
since there are two zeros to f” there are three intervals if 

“ both zeros are ‘real, Suppose ‘thbse zeros are x, and Koy, such Tie ag 
thet x, <x Then the interval, wa ENS e, and x 


| { 


<x 9 @ ware Kaif 


i, Mee 2 . 
both strictly @nvex or strivtly ontnee one interval x ot x. <. 2 Xp Ah 
will, be the opposite . 4h eA ; . a na? 
ae the two. zeros of f" are complex then f is strictlysconvex OF. tiaes 


(Strictly concave. over the: pee domain. 


_ If the two zeros of f" . are a that is if.* \e*(x) | = (x! - a)? 
aus , then: f is strictly cohyex or strictly concave over the ‘entire. 


’ 


Vi Nodal 


# 


= 


Solutions Exercises 8-2b 


iy Ua) fix322,0<x<1 


We can suppose that f 
-is ‘bounded above,by sdyw” 
tle), ‘for poe od of 
no ibe nae onal) y/ 
But f is adso defined 
for $ . Then there Ais 
another number r(5) = ar(e). 
We ‘are forced to’ aint that 
f(e) 1s not.'an upper bound. 
Thus given any candidate for 
“an ‘upper "bound we can . 
exhibit another. candidate — 
larger than the first. ° 
_ Therefore, no upper ‘bound 
: exists on the interval 
O.< x<hee \ 


toh es on S28 Sc oo | ely a, 
ee r, eA oho s 
er, By ‘a ‘Line of’ reasoning Anger y: rae & 
Ys: or a: to part (a) we suppose that ‘s : ‘ x4 
¥(e) is a maximum for some - nr : 
, very small ¢€ >O. But for |." at t 
: the value 5" betweén 0 and 2. 7 . 
£5 (5) > f(«) a Therefore, | *. ; | 
r) no matter what ¢ on the ; ey: | 
_ interval we select there ‘is = "4 “ ar at “. . : 
another which can bg found ; , 
. to produce a larger maximum. . ee 
Guppose that re) isa minimum, | “Lo 3 3 on the interval © ‘ 
beeen eget and (1 - §)< £1 = e)s Thus there is no value. ae 
_ wt x,.on the interval 0 <x <1 such that f(x) is 4 maximum or’. °. ve 
a minimum. : 4 
Sogo wy / 537 Yada y ae, 


.2. If f ts continuous and strictly increasing on 0 <x <1 “and 


f(0) <d<f(1), then there exists a unique c, O<c <1, ‘such that 


(ec) = 


- , By the Intermeatiite Value Theorem there is at Least one c. Assume that 


Geo aan there exists at least two values, ¢, and Coy ‘ such that 
4, (ey) = a= £03) and es ae a» ge sd ee 
ib re ‘the , definition of strictly ‘increasing if co) ty then. £(c,) < f(¢,). 
Thus we arrive at a cohtradiction. + a 
y My 8 _ Our assumption is false. Therefore, there 1s ongy one eaian’ of o. which. 
7 ', satdsfies the stated ssid ba : : : 
a ; 7) e ft is continuous then by Theorem 8-2b there is a maximum me mini- w. a * 
a to4 ‘mum: value oF f on the interval .a<x <b. That thy there exists a ¢c ‘ 
eo cee 4, ase gb and a<gsr euch that, tle) s #(x) Sta) ‘tor 
all. x- on a<x<be : . ae ‘9 


: By ‘the tubermediate Value Theorem for every D; £(c) < Dé< f(a) < there. — mo 
m . ¥ 2 8 an | e such that t(e) = D m the’ Plosed interval “with -¢- und ad as: a 
3 : sed Pointe. : .. : 


: < e, * _ If e@<d then o<e <a. ; o mS ae 
a It ¢>d hen d<ese. . i ks 
. ree * 

+ ; ‘ ‘Thus each image D. on: the interval Me) << eta bas a a pre-inage e pa 


‘on the closed interval, with end ‘points e and d. Since f is continuous . + 
es “@ there are no eons in the set of: prorimages and every bara has a pre-image. 


‘hh (8) If ’£"(x) 1s continuous and £*(x), ‘>O on a<x Kb. then ¥ is . 
: a ie increasing on the interval by Theorem 8-2e. Thus for a < x <b,° 
ig ~ then f(a) < f(x) < f(b). oa 


(b) If f' is continuous and positive then f is conkitngous and strictly 
me increasing. Thus by “Exercise for every image don 


; a) < <d<f(b), there is a unique preimage c,; on ac<es ¥. 


a8 “i Let g be the function that maps every image into its ee , é 


ee ye Thus g(d) = g(t(c)) = c¢. Or, in general, e(t(x)) & f 
eo : de A rigorous arguient is not ant{cipated . e. .¢ 


: 2 By: “Theorem 8-2c, f ‘has at, Teast one minimum. If f has kyo minima say 
7) . ee and Cy, then there is a point between, them, say @, such thet ef 
aoe sta) > (ce) sand f(a) > f(p,)% But this contradicts the e concept of 
‘ strictly convex, since f(d) must fall-below a a chord ee in ile 
strtethy convex, ne 7 . 


a? ae & eae Se 


4 


-Anterior€boint. of: i Gi BM . ns yf . 


{ 


. - 


The minimum will occur at a-*if f'(x) >0O on the entire interval. 


The minimum will occur at b if f(x) < 0 on the entire interval. 


Otherwise, , f(x) should be negative for interval and 


positive: for the rema nder, then the minimum will occur at a unique 


pa rt of the 


(a), tr; f. te. conve 
Pema " acm Eis i) +26 


‘and 


' : 3 al 
Fae of (2 oe 
‘oh ' a poe se . ae nd 
y2 ees are the points in question. a8 
| ae a Ze 
: z: The intuitive concept of ae 
ef 
i convexity requires that all x 5 
values of f(x) on the?” i. J 
- “interval x) <xs Xo fall” : Ege > | 
either on or below the closed ‘ a é 
' AB. t . ‘ P P vo ahs / 
% 5 oe .] 5 i Ade , - . ; k, 1 C1 ae . 
29 . . ee ant - eo HX f(x ) + £(x ): refenes & ‘ a ‘« my 
A 2 » " 1 “2 ag 2 : er a ne i 4 
matte FRA) ee .; 
2 ' ‘ . : . ‘ , I a : 
, £(b) - fla : re On ae Poe gy Syne 
' i Te (a) yy ate) Bat 2 im f'{c) for co in a <.¢ < be a 
ie | 3 . yon ele 7 is 
(b) If f is continuous in a <.x <b, airteMntiavie in a Oe ham st 
by . r(a) = f(b) = 0, then there is a number c i that '(c) =a f ta 
. and: a<c<b. ° | ‘ a get ii, 
: 7 4 a < Lap 
ve ‘ If ; +0 the statement is obvidyge “Suppose _ £#~ts not the a “ 
‘is ‘y ‘donstant-function. By Theorem sf there is- at ‘least one maximum JO oS 
and one mihimym in the injetfel. If either occurs at an endpoint ' 
‘then the other oocus Pfn the interior of the interval. ‘That is, 
; ‘at least: ones @remum +c occurs in the interval a <e< (be Since | 
: ee. 13 fFereptiable then _ (c) = 0 by Thegren B20. 7 * GF 
oe : <a 4% : ‘ m a he 
s? : . te a 
, j fe 
ae - ' : : 4 ' a i 
a a ig x @ K i a : = un 
oe + ee Pa or gt 
ah Jf ie E Var | 
' entes : ~~ 5 . od 
a . = i are 539 Ps eae noe: ex 
: nN, aye ‘ v 
‘ 4 . _ ack | _ toy i; a ‘ ora 1 3 
‘a “h. # ‘ 1 hoe 4 1 
4 en eS « ‘ SJ Wee ere 


Theorem 8-2e. Suppose that f is differentiable in the interval 
* .p<x<bd and that ef. ‘4s continuous and nonnegative in ‘the: interval. 


Then - f ig increasing’ in the Satariel, 


re Let’ us examy he the difference ‘quotient. Fron, 8 ow ie: ee ot 
1 q ee a : = . £(x,) 7 t(x,) >6 . T° 3 se gi * 
* 7 A: wo Yo ae XX obs aay ame 
. : ‘ bate 2 . jee , te : A » : E 2 
: ; :when a < x, < X, Sb. s - _— ‘e 
F ‘ Uh ove $1 oh ae ; ; z 
: By the Mean Value Taek ty 4 Psa? GY dt, lays 
c alee. Ghee. (i) 2 tly) ar Br gg 
isiy ik - f on A = ft x ; 3 ‘ 
Ey og Seager 


fof since x “in sthe interval ts 6H. SR Since %, <x ‘then’ 


gn Pag 0 is oc 2 1*% 


x,'- x, '>.0. By, our hypothesis , £'(x9) BQ for all xq’ in the inter al 
ee = Oo 
bid a < sa < ‘Dis Hee ; ’ = 
‘ | ae 
| Then £(x, J? - £(x)) = = f ip Nx, -. x,) >0, £(x,) ae and tte ant" 3 
i es ges “nezensing EOE, ig TG a 7. ; ; ee ‘ 
; 7 9. If £13), =0 in''a<x<b,° then fis. cohstant. Consider 44 ) and 
' flag). “such that a < * < XS <b. By the Mean Valie Theorem ‘fo some , @ 
OT Moe BEM Ste tes 
a ee f(x.) = f(x) ee 
: sas : iso £"(xp) \ 
<0 a Xo ey - F F 
on ; ; he 
‘ .. o '» t ad youre ; ie Weare mS ne 
: and f(x,) f(x;) t (x) (x, xy) : i 
8 ’ . oe « 
’ - paar 5 7 F * = : | 
se But . f (x9) O and ‘x, » x # 0.’ Thus f(x.) ‘ f(x, . is, . 
the constant function. . Ps ae .: ot 
‘ i : * . : F ; ‘ Fj 
y ; ' ) ise “um =e ve , a 
, -: a . i a 
. ’ es s * ‘a 
S , . 
ae 
. ‘ epic | 
’ # . 
A . ‘ i t , 
j od + 
ek 540 £ O 2 : . 


Solutions Exercises 8- 3 


_ - 3x78 


x72/3 , § ews 
o i 


. fa) -y,= x 
. . yea 
(a) y = “x ee sin x e 


- 


a A = 2x ‘ 2, eos x! 


(ce). y= oF ney +1)° 
cs & ax° + x" + 4x7 + 2 
ong 1By° tly? 6x 


om ied etal be +2) 


& a vee ir be 2x) be 2. x") é 
ote, P y F a? 
. 8 P tig ‘, pes -'2 


Ae “ge ox 


© ga ee + cos x 


at ye rus dePX - gin x 
on he a a ea . - } 
Cty o'vm = se 
. ast = 21/2 are 
: \ 3D +3 F 
bea ; = . ss s 
: Ba a , 
(ery yeux + log, x" = 2 10g,‘ X% 
} aX * 2 bog, * ae 10K, X 
. . a x ® 
ee my w 9 
y: y? «ll ~*~ 
» gh +e - e 
nq y' = exe! oe hy : 
Pag . S e(x® 1 ery 
aw « . 
\ i 
+ 
' v. % 
4 
- ' s° Py ‘ 
i a _ — Os a ' 


. 


+P 


‘ Tangent ‘Yines at x = , 


s 


& ae ea oe 
to fry (S42)=(e-Wyeed. , 


Ato i y= 2 = ably‘ 3)" 
. = < a. Fe we 
Se 


The equation of the tangent line to ‘f is the -Linear-combination of’ the 


‘tangent lines to. u and to v. 
‘ ; 


3. Xa) y = sin x’- 43 cos*x . an? ” ‘i ae 
y* = cos x + 43 sin x: os ; eae 7 ‘ 
“the tangent line is horizontal when y* =O. 
é ‘ F : Se adel ; 
; 3 0 = cos x.+ V3 sihx | *! a: oe 
& t as ; \ tan-x = = LL " cd : 
es « ‘ ‘i 3 a 4 
: x 7 3 ¥! 5 * ; Ls 5 
— xe - et nt, nS O, 21, fey ee ~. 
Re im ‘ 542 x 
. ¥ e . ra : ¢ + 
4 . pea) . be ; 104, Lr, A . ‘ 


ae will be Serpe eas to ys 3x +2 


bie y 104.2 = 2 


« 


peel: ee 
3 log, 2 


eels) 


log, 5 - log, 3 - log, (log, 2) 
“toa 2 > 


1.61 Ale ~.10g,,(0.69) 
; 0.69 ; 


1.61 - 1.99 = (-0: 
- 69 


.' ‘ 9 -.O14 


(c) If the tangent lines of y = 5£(x) and. y = 7f(x) -are parallel at 
| xa then 5f"(a) = 7£"(a) or 2ft(a) = 0 which thplies that . 
f'(a) = 0,, Thus ys 5f(x) and jy = 7£(x) both have horizontal 
tangent lines at x =a. ‘ . 


If u and v are differentiable then £*(x) = u®(x) + 3v°(x) and 

g(x) = u®(x) + liv®(x), Since f*(a) = g*(a) then i 
3v"(a) = -1lv"(a) or Luv*(a) =O and v*(a) = 0 which means 
that the Vanaent to v at (a,v(a)) is horizontal. 


4, If a and b. are constants then — ~ 


‘D(ay + bu) D(av) + D( bu) : by (1) 
a Dv) +b Du) by (2). 


Pi gl - . bye PURE ae es oii, Bis gy ’ A ; ; 
+ » . te me = A , . 4 i 4 . aati ‘ « re ° . 
nae Le. 7y ak : ee er ee oe , fet ig : a 
‘(e) PB: x xi my n ‘odd, n>3", if -continuolls forall’ % * os 
re ee eee ee Ba get ie de Ma ie 
\ tthy > aaa se ft not aifferentiable ree 
v4 * nx hee we + de. 
Shane a ns ai) Pes a re : a “ ar 
ot ae At. ¥=0, a Vertical tangent Line exists 
; : ‘ 


ag “Graphs of x a xh! i 
He og 4 Soult gts 3 will fell ve os 
A sonata the shaded region. Seo 
| (8) ? "x geeks f continuous for x. , ae yt 
: i ' ; . ‘ ta. ae ae g 
ras A fa 8 », 4, differentiable for ; 
£ ’ ay * . * ‘ m. 


all x®., , e 


»xX>0 | 

Pix- ‘ x = 

yp Ra< 0 ate 

. iy : 

»%*>0 ' 

; é ‘t 

panty Y -2x 5% <0 aa 


fie ; be > é. 


* te), £ continuous forvall Xe = ee ae 


we “fl oe 


, f differentiable for all#x. ; | tS i Oe, 
ry . ? a) 
ne 
‘ 


dar ae 
a ‘ime 
ts i 
» +: 
ue yl 
. 
+ yi 
1a 
oer 1 le 
wae 
. ‘ 
Lor 
: ee 
ep a ee 1 
5 RE ee 
; ac 
i acd 
’, ise 
Morty 
‘ 
; 


(a) f£:x +x° vx, O<x<2 
7 ee a 


a an 2 3 . * A icy , ° ed ea by ‘ 
ee 4 a onal | : ‘ . 
a” sak ¥3/2 aa SS uae ; [ars Se 
(4): ‘'f is increasing if- <x<e2 ; ee. gh 7 ~ + : m er 
f is decreasing if ,0 Exe ta 44 | 
| ; Sree r C 2 i) 


(41) f 48 convex in O<x <2 


* (111); No asymptotes. 


(a) Given that F(x) = [ f. By the Area Theorem let: G' = # where °G 
ip ; x : \ ; t 
is an antiderivative of ‘f. 7 


‘ 


| , ; | 25. 3 ae 
| { £ = fv) - olx) = F(x) 
& é x : : , 
' Then /  pe(x) w atte) ~ot(x) § Gt i ie 
‘ e. + : . i ’ ‘ 
; * ; Me ar 's O0- f(x) ; a 
4 Ia ; 2 -f(x) ; 4 - gt 
' ; ° : e. 9% 
(vo) If F(x) = e dt then’ F*(x) = -e| by part: (a). 
a x’ He . , s f 


2 7. The motion of a particle is definéd as 
is ee oi ’ \ 
KR s(t) = 2 cos t +t i 
the velocity as v(t) = e*(t) = -2 sin t + et and the acceleration as 
me a(t) = v*(t) = s"(t) = -2.cos t +2. Since |-2-cos t| <2 then 
0 ¢ -2 cos t'¥ 2 <4’ and the acceleration ts always nonnegative. . 


2 ' on 
+ ax + ax + see + OX 
1 2 vy Mgt eS n° 


. 8. Consider the polynomial ‘function P: x a4 


P. 


2 


x Pee 


. 


PP "x + D(a, + a, eS ae ae) 


: Fmd a si 


arhas 1(x°) +8) B(x) +a, p(x") + vee Be iat) “by (2). 


ie , 
) | 
id . 


5 ee ee eee 


. m4 
Finally using oa nx” om . : : 
eb al -1 Q th “Bel, ‘ 
' : w'% Na | e . > ° * ’ . eels mt 
P i* +a a Mei a IL a Hy an, © est Sy a ae ye: are 
vi wae 4 . oN Te 
yt We} “4 Ba 2; 5 ra ‘nel. it ; fs 
ye | ee ad 2a,,x + 3a,x + sal * ea i na,x Ss a8 ‘= 
’ . . ' i 
is 
r a | 
i wat 
: a 
. u i q 
mo 
. es 
g(x) rad a(eag)s of), At. x <8 ; Mi . 
a(x) = (x + 2)'- (3 -'x) 2x4 1, if Pte SS. : e > 8 
. g(x) = (x +2) - (-3 +x) * 5, if x >3 a aay 
: | ms Sel ; a ee 
(c) f' is not-defined at x\*-2 and at x = 3. 
- . ‘ Y . Be ey 
‘ %. 2 P " f 2 
io. (a) bahia aa shee y s O54 22 oe ; a4 
‘ _ SA F = i ,? tall 
. Let © Lela) wok Fa ee —< ‘ a hae . 
7 , f(x) ae a bk eR. ‘ an is 
Ne Om * . . ree SF oe 
eas The minimum. f occurs when f"(x) = 0. Since f*(0) = 0 We have hs 
‘found at least one minimum. es : 2 ya 
Let . g(x) = L+x+ ee Pk, ee 
« 4 | . i . 
. Pla eeaest 4 Ft yp eee . 
Again a minimum occurs when “x = 0. fn ny i ae 
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2 ! ‘eine l 08. ct dy 
é - ce ’ a oe ; ; rie ; ‘ i é 


~ (b). (3 6-h: (4) 0 one. e torn at thie problem was first Inbroaucea,Y 
th), = v(x) - Cx) 
0x), = v*(x): - u(x) 
vi(x) [> ur(i) 


Se'lx) 2 >0. 


by ‘eheoren 8-26 f is an increséling funetion, 


t(a) < 


4.) - u(a) } 


u(a) 


0 


os 


implies that 


se < 


u'(a) 


(co) From part te). — 
a‘< x then uh(x 


; hay 
(3u" + 8v") = 3(3u" + 


But we now have exactly the ansehen of part (v), thus “utzy & v(x)» 


are solutions 


it follows that: 


* aed What 0) <. vt(s)) ‘for | 


<v'"(x) for a <’x. 


39" + by = 


Bu" + 6u 


3v" + by, 


5 


8v") + 6(3u + Bv) 


= 3(u" + 3ut + 6u) + B(v" - 3v8 +# By)” 
) . Se 


is also a solution. 


BU Ng ae oe age Rg eg a ae Sa pe RE gg 
is ee 1 "S te eH ’ 4 ‘ - : ™, , ; oe 
a ae a, ‘ ri . ss OF os i ;! _* . ; Fi Pee # aa & 
3 cee F eel g a ‘ me es ‘ : | i 
“4 * , () I ye oe ig a gee 4 FM 
cm iJ - a : t . ' °° ' : o ; 1 
Ee eee Sh ‘y® wets e* : be y" =e" +e * a i a 
ng 4% oe Me “é : is Ay oe ‘ : 
pk ot =e +e “a , y" «et -9¢ * ; ’ 
Me ee Oe e. | 
a , 4 
Pct Ge In each case y ca Y 
F, ' 7 2 e . ¢ F a3 4 
reo ee et a = ale tel) + B(e* -e*) . for @, B constants. 4 
1” ey ial 


“4 : = ate Foy ate +e”) i a 
; * aiale* +e *) + plet - ‘*), : , io ‘ o ml 
5 vy 
Again “y" wy, et 
a AN \ : 
| . “» Bia, sitx) v(x) + ax +b, for a, b constants. 
(a) ut(x) = v(x) +8 and ut(x) - (x) =a. ot * 4 
* (v) “Since D(a) = 0 then u(x) = v"(x). . 
‘ n \ . gid 
(c) If u" =v" then ut ='v' +a dy the Constant Difference Theorem. . 
Since ut =v’ +a then uv +ax+b dy the Constant Difference 
Theorem. * hae 
. 
Then u - v = ax.+b, a linear function. 
If u and v are continugus at x =a the u(a) and v(a) are defined 
and lim u(x) = u(a) and lim v(x) = v(a) ie 
xo x 3a 
Examine f = 2u - 3v 
- : f(a) - 2ula) - 3v(a) 
ig’ defined and ; 
Lim f(x) = lim (2u(x) - 3v(x)) 
x78 ° | xa 
rr oe . = lim 2u(A) - lim 3v(x) 
/ « .-x-~—a xX-A a 
. : = 2 lim u(x) - - 3, Ho v(x) 
7 x >a ‘xa : 
Zi ni ‘ ig aq a 
= 2u(a) - 3v(a) “9 
= f(a). 
hs ths, f “is continuous.’ . 
: 2 . ; 
{ e ; % 
b ° - d i . 
re re 
lig 
a : ‘ ‘3 rs 


\ - thy . ‘ 
We ‘ . - ? ‘ 


The fact. that 2 4s ditterentiabie at “x =a does not insure that both 
u and .v are also aifferentieble “a ka he © 


Here are three examples of functions of the form f =u+ v_ stp. that £ 
is aieterentsenls at a but u and vy. are not,necessarily differentiable ‘ a 
at Qs. } ee 


4) a ab tote eth oe | ee 


(141) f=u+v, where u-: 


ex, x <a e 
and v= : 
v : O, a<xX : : 


” 

—=, 

ne) 

x [o) 
~~ - 

> ~ 
iA A 

* 2 

F 
e 


x +1, if x is rational 


where u = 
¥} oo. , if x .i1s irrational. 
i t 
-l , if x is rational F 
and v= ‘ “yee 
x -1l, if « is irrational ‘ 
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™“ M w ) 


Ag 


’ 


2 


Bex - a))(a3 + 3a°(x - a)) 


Ba (x * a) + Pacts - a)® 2 


“If we omit th¢! last term then the expression is a? ‘ 5a(x -4),- 


tx +x? then f(a) = a? and f'(a) ere sa", 
Thus the tangent line is : 


/ 


a : es - a), / 
which is the desired result. 
> (a) Dx(2x - 3) = kx - 3 BO os a 


(bv) Dihx - 2)(4 - 2x) = -16x + 20 ! 
teh tit be + 1S wee) d bx? + 2x 


bE? 
(ax + b) + 3avx (ax Pa 
2vx 


(a) Dx (ax + »)3 = 


fej nF EY we 2 3/2) 


" (f) Dou + 2)) = = 
(g) D(xe*) = e + x e** 
; = e (1 + x) 
"(n) mil? i ./? 
bd Sa 33/2 
(1) *D(3x ry 12x rs 
(3) D(3x°(x* - 5)) = Lex? - 30x 
(x) Divx cos 2x) = -2vx sin 2x + — cos 2x : 
avx ’ ee 
(24) De-* sin (x + 1)) = e* cos (x41) 4 3e°* sin (x + 1) 


= ot taoalx +1) +°3 sin (x + 1)) 


ee? 


Wig” ; wy, aes 


- tm) D(x? Log, x) = x + 2x log, x = x(1 +2 bog, x). 


:\, a ae 1/2. -x 2 =x 
«1 == -1 7 = 
te) D( (x ay e°) (x - 1)" e Bie - 2 “ 


F iy 4 yh . 2 i ' 
‘ : x 2 , 2 x 2. : " ¢ a 

(0). Dx e = at) = xe * + em j 5 av a 

ae i Be : 0 Ho 
) x. , ; SS" (x t 
(p) Dne* ( ae t at) a e* ae Xy e* f ain at 
V 4 eS a, : ° , 1 Ve Can 
(q) D(xe* sin x) = xe* cos x + xe* sin x +e” sin.x om 


= e*(x cos x + (x, + 1)sin x) 


(x) D(1og, x)(4x® + 2x)(eos 2x)) 


= 42 log, xtlix® + 2x)sin 2x + (log, x)(cos 2x) (8x 4 2) 


+ (hx + 2)(cos 2x) 7 ; ¥ i 


(s) D(2 sin. x cos x) = -® sin® x + 2 cose x 


al cos” xs ag x) 
y \ ‘ = 2 ase Be ‘ 5° ag ¥ y 
a’ ef 
This was not unexpected since 
/ 2 sin x cos x = sin 2x 


and D(sin 2x) = 2 cos 2x. 


Dxe* 
ex +1 


ft): D(xe* log, (2x + 1)sin x) = xe” log, (2x + 1)cos x + 


‘ 
‘ 


sin x » 
+ xe* log, (2x + 1}sin x. 
se 10g, (2x + 1)sin x 7 a 
pe*(x Log( 2x + l)eos x + 4 sin x 
, Pes | + (x + 1) log), (2x + 1) ‘- x) 
(u) mt x22%) = x (16g, ‘ayo™ + ox2% . . i og : es 


9 
= 2" (= + log 2) 
; x e 
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*) 


a | ogists log, (3x + 0) 


~ (w) D(x°e*) # x°e™ 4 + 3 e-1" ws 
* ” 


ay (1 + a 


( 


¥ 


» (a) D(3x° + ox, y? 4 D(3x° + 5x = 1)(3x° + 5°! »)- 
. " (3x° + 5x = 1)(6x +5) + (6x + 5)(3x° 4 ax ed 


: 2(6x. + 5)(3x° + 5x - 1) 


(b) (3 - 5x)3 = 03 - 5x)(3 = 5x)(3 - 5x) 


PG 503 . Sn)t-5) ac 5x)(-5)(3 - 5x) 
+ (53 - 5x)(3 + 5x)” 


2 -15(3 Aig ae 8 
4h pia ( 
(ef (3 - 5x)’ = D3 - 5x)3(3 - 5x) Me 
= (3 - 5x)-5) = 15(3 - 5x)2(3 - 5x) 
= “93 - 5x)3 


(a) Dix(v%x - 1%) » D(x( vx = 1)(v¥e = 1)) 


; glee) tie Ea (2? 


2vx 
teen: 1) 


NN 2 (fe - 1) (2K - 1), 


or ex - 34x +1 —§ 


(e) Dix + 3° = W(x + D(x + B) 
‘evtite Gas 
: x 


tv} He aoe (3x + ») = Tea * log, (3x 4-1) 


“4 


Me 


we 
e- - + 


me (3) : 


“). Tet Huth < - 2s). « +20 c08-(1,-, 2x): a'e% etal, <). , 


0g, x) = 


1 
or (1 + log vx) 


(YL DGB 9%) = x(og, «x 
nx 
=xn 


» (k) D(x" cos x) = ma 


D(sin x log, x)° 


1 
es 
x 


, 


tx) = fu(x) }? 


"and u(x) 13 =u 


=e X90 ¢os(1- - . 7) +*sin( 1. =x) 


ax * —, 
x dob, * 


sin x + 2x ‘cos x 


= x(2 cos x -gf sin x), 


e. 


i ice. x 


Ir 


"x))] + ut (x) fut) 1° 


a 


Pia (b) . 


- (a). 


(e) 


‘ y ¢ 


ys sin’ x ° 
y! = 2(sin x)cos x 


y= 6583( hx) 


y’ = «12 cos“ (hx) sin hx 


’ 


Deu(x)}” =)alu(x) Ju 


a¢ 


é 
y= (Log, x)? 


ver ie 
y@ at log, x 


* 


y= (ex) 

yt © h(e*)3 . 
= b(e*)* 

y= (x° 41)? 


2 
y*.= hx(x> + 1) 


* ay ae sin>(2x - 1) 


My(x)] » Dlulx) » (ulx))3] 
| wa) E3(u(a) 20) 3.4 wt CG) X 
bux) ut (x) | v8 


eo” 


yt =6 ine (Be - 1)cos(2x - 1) ° 


ri 


x: ; 
vr i( sin t° at)? sin x 
‘}1 


ee ie S i 


x 
ye { aint” at)" 
i): i 


2 


y* = x8 (x° + 1)2x) + ox(xé Pa 


= Ox(x® + 1)(2x° + x° +1) 


= 2x(x° + 1) (3x° ‘ 1) 


or 6x” + 8x3 + 2x 


iy ca 
. <2 
e 5 . 
3 v i Wee st 
’ 
~ 
a 
ie < 
a 
& 
¢ 
(9 
4 
A 
/ 
6 
‘ 
. 
- * 
e 


oe" Ty es et? Xt 1) 
| “yee Mees ys ata Ht? Se) ; 
a (xt 1)2((x +.1)(2x = 2) + ‘3? - x +1) | 


= (x #1)°(5x" = 2x + 2) . é ae 


, ‘ . ; ¢ a 
(ce) ye (ax + bx + e) (ax + ex + f) rd 


y* = (ax* + the: + c) (24x +e) + es © py ax” + ex +f) 


om = hax? +-3(ae +ba)x> + otea + ‘af + be)x + (te + vf) 
/ , 
(4) ye (cos” x)ein ee 
yt 22 eos” x cos 2x - 2 cos x sin x siny2x 
' 2 cos x(cos x cos 2x - sin x sin 2x) 
= 2 cos x cos 3x : 
(e)s ys ee sin’ (ax +b) -. a 
. iy 2ae~ sin(ax + b)cos(ax + b) + e* ‘sin Prax + b) F 
See tals + b)(2a cos(ax + b) + sin(ax +,b)) 
% x ye x42 
(tf) y= ie eS Best Sa 
. oO. {0} 
» 0% 2 x 2 
y'= Be o® ( ee acy + 2x ( < at)° 
' ee: i = 
x 2 2 bap. ¢ 2 ’ 
= 2x e dtixe™ + a” at) 
0 9 é 


(g) y = 10g, (x +1)P 


Co 


“« 
= 
a 


3 - 
Ef 108 ,(x +1)? + 3x‘ flog, (x AvP 


= 3x°[log,(x + 1) 1 Ts ey + log, (x + 11 


~ 


e ‘ % a * . iy’ fie a . « a . 
ML . , ‘ is . : . f 
oh he ‘ fe te it ch ; i # 

fT. (a) y=x log x, x>0 , rs 5 es 
‘ . ie oa i e:8 p. é , oe ae ee ae 7 - 
“silt log x ‘ : ae pi eet 
ek : . tis, Bias 

yt ws" “. ; , , a. pe e a an 7 ¢ 

a. ' ' ¢ . "oe ‘ : i 


; The graph ‘increases if x >t 4 ; “ ‘, 
‘i, : . . ‘ . .. ‘ 
iw Bee The graph decreases if 0-< x < 2 ge e eae 


The graph is convex if 0 <*x 


ye x! log, x 


ys log, x 


% 


(oh; v= x h08, x, *%,20 - 


oe © 

yh a be dS tog, x we 

<1 zt 1 ) -— 
te 3 = Og x 


e 

’ x 

a is in Reonting when 40 - log, x) >O or when x < e. ty 
x 


ar is décreasing when x > e. 


ae re ‘ oe 
Ne ) + (+ 4y(1 - log, x) . 
x x 
4 
- « L{o log. x = 3) 
e \ \3 x 
o tn ee 


L Saye 
y\ is onvex if —5(2 log, x - 3) >O «pr when x >e7/° & 448, 
' ik re ~. 
; * ‘ / 
y \is concave if O<x < @3/% ' 


( / : 
\ ‘ is ‘ a : 


wae ' 457 


: : ae (o).ty'= ein 3x, Ognsm ' . en a eae 


- yt #3 bine x co8 x : wera Ss : 
Z a stain? x+e2 oe x cose x) i , = x ae + 
"ath . 34 : . 
pe i 4 We see that y es solely‘ upon cos x for ‘ite being positive 
ae Bos or negative. : yh ‘\ 7 
XY Py * ! . A fe e 
ag, . Thus y ie iuceeabite when cos x > 0, ‘that is when by <x <§ or: 
uke. Ds B< x < Qn) and y is decreasing when tex < x, “analyzing y" 
i ee . ‘is more involved.’ \ w 
" 23 2 ; ; s 
= 3 sin? x(2 cot” x - 1). : 
ag * eee lee ¥ >o ,1f . | ae 
bi x . " . , 
(4) doth singx>0 , cy 
f 2 cot? x-1>6 or me 5 . — 
(441)\ both sin’ x &0 ; 
oe 2 cot’ x - <0. 
cae “case (i): - sind x >0 when O<x <x 
Zcot' x-1>0 | Ps 
aX ¢ > 
cot™ x > A -( 
4 ‘ i ‘ 
|cot. x| > .707, cot .955 8 .707 
- ' 
Thus | die c 
* * 0 <x < .955 or n= 955 <x<0 + O89 or x - 955 <x < on. 
i ’ _° Combining both conditions of case (1) y" 20 when 
, es ar, 
, OL x< .955 or n- HSK EH. h 
\ Case (41): dit? x <0 when n <x < Qn 
| 2 . IBS <x < m= .955 ) 
“4 2 cot x+1<0O when 7 ei 
or w+ 999 <x< or = 6955 6 
Combining both conditions of éase (11) y",> 0 when 
: ; n+ 955 <x < an - .955. i 
a 
- 


Thus y is convex in the folldwing domain 0 < x < .955, 
- $5 <u<a, or n+ 9 <x < On - .955. 


~ 
© ; d . 


We. can assume that ‘y. {8 concave in the complement of the domain 
for which y" >0, namely — : : : 


955 <x<a- 955, #<x<a + 955, oF 


Wik Tier ea? ‘ 
i adh 
ok SENS fre 2 

| 


3 : iY : 
Apia iS see CAE TOLL I ae 
Weer] convex a: 


@ 
“ . 
. f 
y=x log, Xx, x >0 
y' = x + &x log, x 
+ > / 
= x(1 + 2 log, x) 
y=2+ (1+ 2 log: x) © ch * ( 
= 4 .* 
= 3+2 log, x : 
Since x >0O then y' >O when 1+ 2 log, x20 or when ? ’ 


-1/2 


x > ele s .607. Thus y_ increases when x >ew and decreafes 
wT —_= = ”) = ; 

if O<x<e 1/2 , : 

The function i's convex when 3 + 2 log. x > 0 of when 


=3/2 


x > e73/2 % .223 and concave for x <e 
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¥ ” 
4 ; 
a ‘ 
x ms 
7 8. (a) x+vx e”, x > 0° 
| x x e* ; 
D¥x e").= vee + — ) 
rod > x . 
skeirh 
. ¥ cx 
* Since x >O then vx >O, read >O and (1 + +) >O. 
s ‘ 
Thus D(¥x e*) >O and the function is {ncreasing. ; 
» 560 90 ae bea 
. od hg . F * 
€ ‘ ‘ ts : nas B 


eo ome oe « 4 UP - ae 1 ; Ne @ 1 ’ ‘a S ? ee ri 1 ; 
4 on) ! Y ig », ee ek? ae AL e: ars rf] ‘ “He o tf, 
e ‘, s 4 ‘ i i ‘ ae / Vas! he ( | ne 1) MNY , , ye ; 
. a nh ta ae , ¢ s H % a ‘ad 
‘ ; lek x oe ‘ I ba a 
a ‘ t ; ; t f j a a wiles ' 
* x . ) ) ki " ; 
ieee ' ' l@re ee 4 \ wit # “ F ‘ a 
eer ‘ ('b). x il x > 1 \ iw te. f Oe " 3 
+ 
ee 10 ‘eX , ¥ ; 
. $ e e@ , ) dah Pee 
ae . an (=). Se, ae ; ‘ c . 
rh ony 1 ? re”, 
ge : r b \ ( ‘s t 14 
wy (x. < 1) ' ak 
es v4 ea 1 x 5 P ve, ‘ “ 1 ae | 
: " ‘ ' ’ j - / ; ' _ @ 
oP nb a F anh Ph Nee ‘ : : x . 2. ' ie . - F 1 
ge If x.>1 they @" >0, x >0 and, (x - 2) BO Me WD , 
eg Pte ge ex ma Poa P gpandts 2! poh Bey us x 
ok isan ag ‘Thus. D(i—-) >0O and the function’ is ingreasing. Por ke Ey ‘ 
pote eal FL x > ‘ ‘ 1 ] ' rT} , we 
: a: , Ay “96 es \ ,° ‘ wf ny fa 
Pout ved Wee. r { nag 
r 4, ¥, ' t 


rene 4 ie york oie ; ‘ \ ; . i a i" 
i ro © he oud —-, sone oe 
Ae eee ar x >Q@ > 0, then e* >0) gh 0 and (x wit) 2 Dees 


Cp kat a ein | : ge glk ; qe 
‘er . Thue or >0 and the function ts increasing. bn | veh 
y ; ae ur > ' # fi F “eh rt 4 
Me cigs qe % i var 
a) (4) x ox/sinx, O<x £5 s 4 ae ' A 


ae 


a * D(x sin,'x) =x cosx+sinx | , . ae ae . 


ea If o<u< 5 then x >0Q, sin x >0O and. cos x >O. NS a ai oo 
Sas = F ih, , 
w. b) v . ®t 
i 3 ) iy ' 
». » Thus D(x sin x) >O and the function is increasing. | oa ry 

5 rs ‘ F 7] . { ; 4 : \ 

e Mah ‘ ; é ; ; ( : e x ca es oe “ 
ala. ot Oe TEP £(xX) 's (k 7 a)? a(x), gla) #0. and g is differentiable'theh’ ' | 
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Lo ee Le. eee er & Fok , frie Se 

ae + y we 9 ; 2: 3 Pa i in eS sy, suis 2 
wk adhe F(x) = ——=x ja” a od dhe 2 
. a , ‘ L+ ° ey - es ; : a4, , } 
ee - , C , aq . ; ~ : ; * . 


3 - a x. ‘ee 


fy ie may oe j ’ . ara ; r* : nae re hh is Ses 
ie ; | Sf < F ~, AEs) a aw 
Fi : : . . . j . ; was : ¢ Sine Me i . 
a 4 Li i : ‘ we A \ ° ’ : ‘ See ee i yy iY Ls 4 “ oer al 
me as i, : 1Gy a. 
‘ " x A a ee ‘ : ee ee < /- Heh ae 


Fae iat | dt = lim arctan | é Oyo : 
tog sal’ ih ; | ; 


,  aaadJd2 noe 4 a 
Se eee ’ . 
P ‘Nod Boer? \ 
. - x e- es : 
; i. ae te) he ese 7. 2 Me . 7 
A: } . 4 
Ak S¥reqs 
-1 = (1 = x ° 
f*(x) a 2 
; (1:+ x) 4 
e 
£"(x) < : . rs 
F (1 + x) . 
: if x >0 
(bo) g: x +x|x| = 
ee. *a a est | | . 
te "eo: 7 i x} ; x if x >0 ; a : 
: Poy ae ¥JIx] = ° : : 
* =¥-x if x <0 i 
4 ? 
‘ -. if x>0 
f's x = ave 
stele if x <0 
- 2¥-x / oTt 4 
* - ¢ 
4 4 es ie a — - 4 te qe 
we _ aYTx] ; . 
: ms ; 
of . ‘ ’ ws 
Lad 4. . qd. : 7 Y 
’ E ¥ le 
e — . 
/ es : 
: * 3 iF 
* i e I ¢ : 
3 09 mie 


5; The derivative: D(t(g(x))) s ft" (a(x) "(x) = ie 


iMag Ob tO) Lartgray | 
. ‘the’ ‘only ‘difference is that rule (5) was developed for a strictly inereas- 
. ing function, that is f"(g(x)) >. ' 


if and g: ‘are inverses let_ ata c. But ‘then £(c) =x or by 
substitution tle(x)) = x. 


’ th and i are the inverses of 8 and B venpentively and . 
g(x) = éy(e,(x)). _ m 
(a) Since * £)(e,(x)) = oy ‘= 
then f,(a(x)) = fy(e,(e,(x) 
pas 7 = B(x). ° a 
‘ 7" : 
Since : : f,(g,(x)) ax 2 8 P) 
é 
then f,(f, (e(x))) = f(6(x)) 
¢ =X. r 
” Tt follows that f p(t, (x)) is the, inverse ‘of g(x). 
ti) enitee oa, x2-2 es 
Let gx 7% and g, tx 73x + 2. 
We find that‘ f, + x ~ vx. and f, 2x sas ea 
Finally, f(x) = £,(f)(x)) = £5(%%) 2. .& r 
. _ xe - 2 : q | 
sy | ima tad &e 
’ ‘ . ; vx 2. ry 
pert Oa ar i 
| en aes : 
4 , 6/x . 
a 
cd) 4 , ’ 
ry ‘ = ry ; 
oe a ; 4 \ 
’ ’ df Z 9) ra 


{ 


<= 


q 


~ 2 ot ye w(x ang x = tly) 
be - SHE gay 
: - rs dy y=a . 
a : 1 sais 
+ = et(t(4)) = Fe7ay by (5). 
° ’ y 5)< 
ax x=f(a) f'la 
. 4 : 
ye Thus ° ay = dy . 
o lyere ax . 
. x=f(a) 
~ 1h. (a) y = arctan x means that x = tan y. 
7 . - * . 
- Thus a = eee” y and a = i 
oa sec (arctan x) 
ay. 2 
. @ dx 1+ x: 
om 
. an log. xX » 

(vo) If ye log, x then x = e’. Thus = =e.se. ‘=x and 
ay 1 ae 
ax "xk ° s™ 
. D \ 1 

(c) If y = vx then x wy. Then - @2y = evx atid a o—_ 

vy i ne 2yx 


2 


“3: f and ¢g are inverses. 


: = © 
fa) If y’=x" thén x= "Vy -provided that x >0. 


ax L y(afe =a), ay, O/F 2) 1 wien 


Br dy re 1 n i * 
gy & ox | axel 
_ dx i-n  ™™ 
x 
E a 
4 
# — / 
f 


“* - Bolutions Bxc: cises 8-10 


le Ly = x", where r= »x>Oo0. If y? = x?, 
ta. ee pol 
: wy = px? of whence Dy = - x 


2. (a) 5x ve gen 
lox + ay yt = 0 an al 


(bd) gee caghine aes 


“hx sey yy! +120, 7 
ys dx + 1 . 
(aed ue roe! %, 


fe ee 
" * (ce) PTE stew Le 


M_ . eyyt - 6x +6y' = 0 
| nrg 9 Y tex 3x 
oie y- #3 " 


(a) eP+y- - xy = 0 
3x° + 3y° y" - 2x y® - 2y = 0 


y 


2 
- 3x 
yt = Ya ae “ 
3y > 2x x 
2_y-x , 
3. (a) x ty? 
bbe +x - 1) - - x +1 
tas (y + x)® 
a x. 
: x + Xx + 
Dy = : 


(b) Py pay a 


ane wey + Oxy Dy = 3x" 
= 2 «7 


- ° 


wy se oF | a 


Ly ~ 
Dy? = Dx? and 


J 
/ 
arene 
( 


Rae ge PL oY Se te be Sho eM Ck ge AG ese yh? ~*~ aoe fe yo nana 
; ~ ® : i : . 
Ce) 6° 10, (m,n integers). oe a? , RR 
mT yO at Pwo . Eo BY od m3 
ee =. 
ly a: 


(a) Ag ta = y™ 


a oe a or ae 
| a : Mase ~ 3 

, 2. «? ee 2, a , 

= way, tt od + avixy : 


4. (a) xy + yi = ava, a constant 


Oxy: -y. ax a 
Way * io Gee 0 i 


- *, ax eae | ©) tas , . ; . 
: ae ylave+ H) at Ss, Soe gh 
—(b) ex ae GENE x atc +> gees 


+ ax 


Me G+ oy Be oxo y+ 2 oe : _ 
a, a Pe 
dx 2 = 3x.- a . c 
dy ~ ix + 3y +1 . . , . F 
stg Gx ey)? 6 (x = yl? 2  @ 
i ax 1 dx "k, 
Tay dy * erie 1) =0 
2(x + y) 2° dy a(x - yl? & 
ax) ‘ety - ey . 
“ay ety + fen y 
(a) gx? + xy? wy! +5 i 
ee By ee a oe 
6x gy + Oxy oe hy: 
ax _ -:x ; 
ay 3x toy P 
‘) 
ee ge? | 
611 
‘x ; 


aE 5 rat ig hy - , aw® the “point (-2, it: 
’ : st hx + Sy + 3x y'! + 2y y' +1 + 2y' = O 


‘ « (a) oar xy +y? +e + by ele 
. fs a : ; 2 : 5 8 
: -" . ae (-2,3) 49 y e 3 . ie. 
“  (b) + yx ‘ - -1=0 et -thecpataty Bh; 1). 
3x bgyx" y + oxy> + 3y° y = Q: | 
(al, yt« Ss, < i 
‘ 4, 
’ x” - xvxy - 6y* = 2 at the point (4,1). . ant 
ex - & vxy - z 3/2 ye y? - y'=0 et 2 eet 
at (ha), yy! = : 
(da) x. cos y = 3x° -5 at the point (2, 1) 
x(-sin y y') + cos y = 6x s 
F x 11/2 : 
; At (Bap elias aC Hee a4 Noe 


6. *(a)) x3 = 3axy + ¥> = 0 
3x° - 3ax Dy - jay + 3y° Ty = 
Bec: 


NA fe) x? + y> = 2axy $a”. 


Tg ee | Ray ¥ =:2ax Dy + 2ay o Sen ) 
© a's 5% : ‘ = xl, A : ‘ ard eae oe 
eae pe | — = -1 .. 4 ah 

‘ye Res ee Pe ; SE ice ge RE 


_ ~All 4 ree Gurves ‘are symmetric about the Line yur, Thus at the 
, , point wpére x = y the tangents to the curves.are orthogonal to, the . | 
Be ME ge hoe ey . ae ae 


612\%* 


(7 ae | 
vq 5. “gmt 


‘(c) 


(f) 


yt a CARY SY foe > . 


is EP ‘ 


: - ’ - : ' ' 
7 (a) asin y + veil x =0 (a, b‘constant).. - - ; 
pe ; 78 ; r 
Si cg acos y y' -bsinx = 0 2 xt Kiwi we eS 
q, 8 i) ¢ 
b sin x F aA 
y= Soon y " 
; -J F 
* (bv). x cos y + sinx =0 'e { 


cos y - x siny y? + sin x y* + y cos x = 0 


cos y + y cos x 
x sin y - sin x 


: » 
gin ay = Si x > ing “3 : : es 


(cos oly + x y") = cos x + cos y y® 


ae need 37 sks = 7 
y cos y = X coe” xy 
. 


yt 


ese(x + y) = y ) % . gi =? 

: ; j A a é : 
~ese(x + y) cot(x 4 y){1 + y") = y' a 
2 ee eK Xt cot(x +. : Kae a : 
J esc(x + y) cot(x + y) +1) : . oe hm 


x tan y - y tanx=1 


tan y + x sec" yy' -tanxy' sy seek x #0 


(ar 


tan xy - x 


tan'y - y sece x : P 
tan x - x sec" y 


= 0 


(sec xy)(y + 


y sin x = x tan y : Sos < 
sin x y® + y cos x = tan y + x’sec y y? 


sin x =x sect y 


‘ 


c= ae Et ae ak 


8. A+ ty -0 


rr ey Be "S 
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y'=- Z which 4s always negative since x, y >0. 
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Teacher's Commentary \ 
“\Appendix 3 
. MATHEMATICAL INDUCTION™ 


‘nc AS-hs The Principle of of Mathematical Induction 


‘The Principle of. Netiamaéiicad Induction may be thought of as a postulate 
‘for the set: of natural nyapers N, rather than’ as a postulate about legitimate 
methods of proof (Metamathematt#s) . Thus, we may state the principle if the 
folYowing << 


. 


Let M bea subset of N Sea 


, (4) eM, a 4 
i (41) if ne M, then ne+ 1 eM, 


Ps 


then .M = e. .° ti \ 
‘ wd 


cua J 


We can then deduce the form of the principle in the text by setting m* 
equal to the set of natural numbers n for which | AL is true. 


; “Ae: stated here, the Principle of Mathematical Tniuation - can be used to an 
~ . play a central role in the axiomatic development of the. natural numbers. In 
» . Foundations of Analysis by E. Landau (Chelsea), the arithmetic of the ratural, 
‘=~ yational, real, and complex nuners is developed soley on the basis of the . ; 
‘ five postulates of Peano. The fifth postulate is the postulate of induction. 


¢ . 


ry, Solutions Exercises A3-1 . 
¥ The solutions of several of the exerciges follow the ste pattern for’ the. , 
- ? sequential step. In each case after assuming Ay? we add an appropriate term ant i 
to each side- of the. equation which is the expression of | “AL and show that the. 
‘resulting equation reduces to “A, ,,+ For brevity we give only the solutions — 
. ‘of two such exercises; these will be found below in: 2 and 12. a = " 


a 


1..: Prove by mathematical induction that 1+ 2 + 3 + eee tn ‘. n(n +1). 


, . 


aC Follow the pattern given in 2. : “ & | w* . 


ne, 
. 


ol : ‘ gm 


8, 


'n'g 2” 


yo 


bd 


by the assumption Aye 
Therefore 2(k.+ 1) <2 


Initial © Step. 


Noe 


e é . f ne ‘ 
Initial step. 2°*f1 < 2 
zetia 2 


k+l 


- This completes ‘the proof. 


ae 
\\F 


~~ Sequential Step. Assume At 2°k<s ak) 
_ ‘Then gf 2(k + 1) = 2k +2 < 2k + 2k, 


S26 meade &, 


S ‘ 
which is . 
; Ace 


(1+ p)* Dl+lep. 8g 


Bonuenttat Step. Assume A, 


Anan y RARER p>-l, 


 ifiequality i 1+ p without changing its sense. 


Therefore a +p 


quantity kp" 


yeti 


“we get 


l1+p>o0, 


> (} + kp 
>1+ kp + p.+ kp 


: + 
(as 


This completes the proof. 


L+2+24+3+2 + eee +n 2” 


Pollow the pattern given in 2. 


For all’ natural numbers. n, 


be factored into primes.’ 


(a + pik >1+ kp’ 


since k >1. 


_ 6 If p> 1} then, for every positive integer n,, (1 +p)” >'1-+ np- 
. - x } 


and we may multiply both. sides of the 


){1 + p): 


“Leas (n- 22" 


/ 


We use the- second ccotaustis of induction.  . 


mas 7 WEN. ti : ke 
‘ Nnitial.Step. e number 2. is a prime. 


>1+(k+1)p which : Avia 


% 


and dropping the positive 
. J 


; Prove the following by .the second rune of sath tial tndicktoe. 
the number n+1 either is a prime or can 


4 . 

Pike sk he 
& 

“ ” . me 


ela: ‘By mathematical : indyetfon prove the pease result, giving the. sum of 
* * an arithmetic progression to n terms: 
' erga ed mle rat) + e(ae (ne ta) 02 Ba « (02a). 
j 
¢ ie ‘ : ‘ . ; . : 
A * a ¢ (a : & i : ra v . hs ot os 
. ys Initial Btep. a= 220 + Ord) =a) - ; es 
CP rr ; ‘ ae -", ae 
A Sequential, Step: ‘Assume “A, ta'+ (a +a) + (a+ 2a) +... + [a+ Ck - 1) 
ag gle ; rar < ; \ 
ee = Kear. (c"- 1)a]. ‘. ik oa a oy 
ie . eS ‘ _—s ‘a Fi e ‘ : : 
Add a + kd to both sides saith ‘ey < , 
; 4 . ; 
‘: ue spe Ron eH) a Ce a7 
: : eg . a, = Bea + (k= 1)a9 + (a + ka) . 
ft ji “eo  © wag MED a oy on i 
‘ ; : ‘ uy : * b . 
one . ° Ped fest n eee g aa 
ae ale a ees Ts . sy ON 
. ek ae e (k : Loa e wt. at ge 
- ° ee og - : “3 : .@ 
a" id ‘se FO Pay ae -*4 4 (20 + ic +1) 5 ~ 2a) * i, 
pa - aan eee. | which is at be ‘it gt gy BPE 
nae 8 This completes the proof. bom : = 
ae ; 4 : ’ ‘ af 
_ ¥ 3. By\mathematical hesian prove the Wishes result Ly eee ie sum in ; 
F -) geometric progression to ny terms: te i f 30% 
; a mh ye. as . 
ae eae ear cece? SEND, ‘ 
Gres wae a rel  \ | . 
ene Follow. the pattern given in 2. devs a . 
ae : 3 at ; . a) 
~@ ris * Prove the following four statements by mathematical induction. ‘ : f \ » : 
‘ith og ‘ : f “PF ; aad ee ty 
a“ Z 4, ia Be kee ay a Pe - 1)*\= un? ~ n) és we 
iy Follow the patterh given in 2. ° : ee ae: . 
: . : > . i ' 4 os 
® a / 
om . ° . . RO do 
ba 3 by , f ” . ” a 
’ é ° ‘ , : o a ‘ ! a: 
is 4° ; 4 
oe . . . 
a Laer Hi 4 : *? : ; k 
" ‘ ; $ 
a A i Tiga ty ee “ae tee 
‘ a R 7 tad Be 2 T9 Le rr) * 
tas : i aa 2 th, “ * ° ra ee ov. ' ; * 85 r 
ee : fe ; s s, y meg * x 
fe ae = a a - ¢ * VR , og sf ’ a’ ae . ore 


ta 


~#- 


-we know oy f pad g nth, each he less than or equal 2 kK 35 ‘and 4 


4 ® ra 3 x) > ’ 
¢ . fe . ae 
uit ' . . ‘ ; ‘\ 
bak 8 XY 
Augequential, Step . Step. Let A Ate e statement of re 8, and assume 
‘that A, is true for a. natural) n mn satisfying e<k. ~~ © ened 
a. other words, every integer 2, 3, oat) K+ 1 “Ya prime ,or a pro- . q 
é, of primes.: ° In order to prov we pust Bhow that k +2 either : : 
r 8 prime, or can be factored’ into, ees If k'+ 2 is prime-we are. doné.* ) 
If not, we can’ write: k ic 2 ‘asa product of-factors rand t » both leds. i 
- than k + 2, hence, bith less than or equal’ to k + K “sry hypothesis Pat i 
then, both factors r, t must be primes or products of pr mes . It: y if: ‘ ’ 
follows that k +2 can Be written as a produg® of primes and that * E 
: a : i ia guy 
Ay are | , ™ . : : ‘ : 
9. For each natural number n greater than cone, let Uh be a real number 
with the property that, rae at least one vair of waitarel numbers p,q . 
WED PEAR A MU HTS ‘ ip 
‘ When n=, we define U, = a where a. is some given real number. ae 
: Prove that U, = na’ for all h. ; 
4 a io : : . \ : ‘ 
‘ i : /* a i e 
y ‘Initia Step. U)=l+a oy definition, f "gat ae 
ae sesiaae Wad Let . A ve the statement of Exercise 9. Using the 
=e second pee of sajuabiog we as$ume that for each number is <k 7 eo 
that A. is true. ‘ Ped &,, - es 
Now Aad mist he established. But if Weal is a ‘real number such that 
for at least one pair,of natural numvers, ‘f and g oul that’ Z vs 
ip ‘eA eee 1, ~ : f . 7 
_ : ; “a =a hu,3 aly | 


‘therefore Up and ut are ‘real nugit ers to which the. soquent ial, hypothesis , 
‘may be: = epplita. Therefgre> |. ‘ iG at, a 
: : . a ] . 7 4 
. ; +Up,=fea and Uy @ Ee Be : an 
and so ‘ eo ; 
Cel. <% . a - 2 2 = ’ 4° ; it aa 
nial Urea “Fe. 6 a=(f+g)eas(k+1)a, i 
ae . ¢ ‘ 2 gems 
“nace is. Bus cs ‘ is ‘ ' aes 
“this completes tnd proof’. Pe . 
‘wet ' * a ea cn a 
; be? . ages ’ ‘ , 
> a 6 5 ’ ' . 
fi. . ng . - 
i me. fae (pe ABs, “fe ggalpe” 2 
4 ‘ ‘ ; 
‘ re iad . eo wey Ca : ° J rs arty 0 oH > wo. ” PS 
ib ¢ Ae ae & oll x & | * i am f Pica +f at pa ‘, fy ae Bi fen 1,, = oh he yee: 


prove by mathematical induction that you are corregt. , ‘ 
. ° o* ’ P) J ". 
ey, ol se ae at vot ee 
weg? T-3 EN ee ee i ae ee fi 
‘ ; ‘ F ry Pa 
To discover the formlg -for the sum, we might try writing down the sums . 
Ahn succession, 7 - 
4 Thus , —— ‘ ¥ 
' . a 
. td , ee 
\ Pl oo . = ieee, Ruan © ae 
“* ! i octesltu koe e. i ha 
= a= == , . ° : 
“5 te ove os ES x a. ee 
> z # 
Ss == + — = 
4 ‘é 3 Bt 3° iN = 7 So 
“\ ‘ ry 
7 ; ‘ oy | 
rt erties ae s 
é . \i 
* So we guess Ss. = —T and try to prove it. te ag s. P 


10. 


‘7 


ee 
Attempt to prove. 8 and 9 from the first principle to see what difficulties 
arise. 


- ¢ e . 
4 8 note that the sequential step is based essentially upon the fact that 


-y--and jf are each at most: k +1, not necessarily equal to k +1: Tt 


In the next ‘three problems, first discover a fotmula for the,sum; and then 


»' For’ the proof follow the 


-le. 


. woe therefore be impossible to derive AY “., k 


not “employ the \girst principle. Similarly. in oN we know only that f* and’ 


+ are at most ‘k: not~that’ they are necessarily equal to k. So we need 
Mit pe’ abld to. refer. to A, for s <k, not to just fs : a, 


. . . « 


13.4 23 s twee % n? - ane Wompare the sums you get here with 
Examp Le A3- la and A3-lg in the\\text, or, aN wine S assume that ‘the’ 


requireft tesult' is a: polynomial of POE 4.) - 


- \ ‘ J . Yr 
4 Pa er . 


To guess the sum, we, write down in succession the following: 


by 3% m 7 2. > 4 ’ , 
ee ar Gee ey nO 


~ # ; : ; bt. 
8,3 Le¢@ ad = 3 (Lt ayy § “NU 
‘8, -« 9+ 33 Z 36 +, 6° x Ci a Ba 3)4," 
8), 4 36 + 43 = 100 = 10° Silt ee i 4)? . 
41% - . ne 
2 ey x ‘ “619 hy ° ‘, 
we art ees 
it. a ; _ 
aaa * > 
oe. Y - s Sa a a 


om A, alone and we can- © 


. 


t- dy 
. 
y 
a 
.4 . 
54 
iy 
- 4 
‘ ‘ 
‘ 
a 
4 
o_ 
ibs 
A r Vial 
, 
“a 
13. 
Je 
. 
"4 ' 
Fadl | 
® . 
4 
f 
’ Bey. * 
He pe 
f 
-. 
- @ + 7" 
’ 
as i. 4 
sf ‘ 
. 
4 
* , 


‘directly by induction is quite,nesay (try 
: nth + u 


“If you have: worked Example A3-1g (and _genenber” ~1€) bey ating Be. in, 


4 ae “re ‘ . " % . ’ ‘“ 


To prove thf. Mea? 
but if we remember from. #@ 


» we get a ‘forma aaa Ye 


We. guess therefore thet 8. w(1'+ 24 3+ ooe,+ a. 


Number 1 that. L+424+34+...¢n2 
ote 


ae , 7 w, Be Be ee 
‘easier to prove! 3 + 23+ Heat = n(n + uy" ‘ ? ‘ ~ 


"Now we follow the pattern aN ; _ om & iq. ee 


Initial Step. - 53m ios aaa ; ‘4 : = 


| Z 
eee ¢ Picea > 
Sequential Step. Assume ea Li #25 + eee PK e 
Add (k + 1} 


Bet Fe ee tt yal? EEE 5 teas? 


> 


to both sites , sebetue the following: 
: 5 E 


° 2 . , : ’ 
i hy k + 1)M Kr + i(k +1 
*» Ho : ; . - 
. . _ (e+ 1)? (ne + 2)? 7? 
ae } ao (et DR (e 4a) gi)? 
: ow, i a a 
y — which is Ay iy ; c 
This — whe proof.’ ais ~ © 
; 7 : 
Teen. , +364 +... + n(n +1)/ (Hints: Compare this With 
ExampZe A3-1g in the text. ) - M, roe ne 


To guess the sum we write down in succession tye following; , 


2 \ me | \ . 
pe 2 =2 : a 
" 8, +2+3=8 . ( 
’ a : n 
ae 8, = 8:9 3 +h = 20 
a i sas aie i ; 4 ¢. , 


stg eae ’ 
“. ‘ e Cc - J . 2% 
bo ) ‘ . A - « ‘ 
, ¢ . , fer 


» 


g = 1-d+2.3+ 3Z+4+ ... + n(n + 1) 


oh Ud wa)" e Blow 1 33.462) ,.0 4nta 4 2 
A \7 


2 


Oe e404 38 434 ee a +n 


=l 


oi te ao? RF gaa ba TD oS 4 ia oo) 


= B(n'+ 1y(2n +1) , n(n : 1) . n(n + 1)(2n + 1 + 3) 


_ nln + 1)(n + 2) 7 * 
3 e 


Another way of guessing thie formla would be. to assume » as in Example 
/A3-1g, phat since the general term in + is arses » the formula 
might be cubic - \ , 

1 wes 3438 ee ee ee NP son oa Sore 


“and ede, n take on the successive values: 1, 2, 3, and 4 to : , 
A f 


determine ‘a, b, c, and d. Thus, by successive | subtractions, 


a+ b+ ctd= 2 ‘ 2 

as 4 Ta+3d+ c= 6) , ad 
Ba + hb + 2c +d = 8 my 12a + 2b = 6 : ™ 
, \ 19a + 5b +c = 12 ; } cen, : 
27a + 9d + 3¢.+ a = 20 } ate + 2» =8 = ih 

, 37a + Tb + ¢ = 20 i 

ba + 16d + he +d = 40 
Wherefore ; Fa 
s as 3 be=ls c *, 
and . 5 : 


' .fhe proof of these results follows the pattern of 4 and.1P. 
. : “ : . 
. : W : f 
14. Prove for all -positive Co n, \— 


f “4 ot 


. 4 . 7 


ry vd) ( + 2) (: 1) vi (+ net) “tn ty. 


. . to ae 5 ee ee 


"Check the initial step. A _ i 


Assume Reo and multiply pdt’ sides of the yesuling iecton by by the 
appropriate’ factory and reduce to get A. Pe } % 
y a ‘ 2 s , 


ed 


Ps 


, : . : 1. Pi that (1 + x}{1 + x°)(1 + x") eee (L + 2") = 


: > us! 


Follow the pattern of Solutiéf 14. 
* oie 


‘a, of “16. Piove that n(n $5) is divisible’ by 6 for all integral n, 


on Ce Step. aa. +5) =6 ayd this is divisible by = :h. 
Assume Ant K(k? + 5) = 6p where p isa soabbtive integer. 
Consider: ~ ; p 

(k + 1) ( + 1)? 5) = (k + 1)3 + 5(k #1) 
5 re ce ow 


' 


u 


(x3 + 5k) + (3k + 3k) 1 +5 ; - 


nik? +5) + 3k(k + 1) + 6., 


a” By A, we know that (Ke +5) = 6p,- and since k is a positive 
5 , integer either k or k +1 is an even integer. Therefore the second.’ . 
term is divisible both by 2 and by 3, and therefore by 6. . Finally 


we get 
ice: (4 (0 hues ) 


{ and this finishes the proof, since we know that the sum of three positive 


6p + 6q + 6 . : 
6(p + q + 1) . 


a 
tt 


integers is a positive integer. 


- 


17. Any infinite straight line separates the plane into tWo parts; two 

intersecting Straight lines separate the plane into four parts; .and 

“t{hr@e non-concurrent lines, of which no two are parallel, separate the 

\ plane into seven parts. Determine the number of parts into which the 
i? 7 plane is separated by n straight lines ‘of which no. three méet in a 
~.  single.common point and no two are parallel; then prové your result. 
fF ™~ Can you obtain a more genéval result when paraklelism is permitted? 

4 \ If congurrence is permitted? If, both are permitted?” . , 

t re” 5 y Me 


Mm of guebsifig the anawek and our proof will be aN 
Let. R. be thd number of regions into which the plane is divided by hn 
lines of which no tf o are parallel ad no three are ncas SF .we 


. drawan (n * 1) “th. ine under ‘the same conditions, it must meet all the « 
eo :/ _" other lines in n* 

must go through n + 
two parts, thus adding a + 1 new regions, We conclude that " 


points of intePasetion. In crossing... n lines ak 
_ regions of the plgne, dividing each region int 


; \ ° 
¥ ‘ 
a , ag 


"6b | rh 


as 


4 , ‘ 
aE oi ait ' 4 "he . ‘ , * i ‘i 
* ’ a git fg ae iP ‘ 
« . 4 
i i. ® p+ + Ting, 
16 ‘ . &; - 


é Raa * (n+l) +R, % g@  - 
‘Since Ry ay. this is a recursive definition for Rv We have, 
(play -e  & : r é 


{ 


' ‘ % \ 
= = gel Rr es2ea bbs ween = An + ne 2) 


* 


end this result can be obtained directly from the recursion formula (oy : . 
a straightforvard induction. - “ wv 


If parallelism is permitted, each pair of ae lines existing reduces’ rs, 


R, by 1, .since one crossing is elinfinated. Thus if p. lines are 
acs Nici can pick pip =) pajre of* — lines and there vind : 
be this many fewer eau 
‘ e 
- a “1+ nin +2) Fs (p= Up 

: For example if four itnes are Bene three of inden are sail there Ps 
grill ae a Pardee. 7 
; 1+ HO) 22) . = 8’ regfons. ‘ o 

e° : : 

: + . Neat . . = ’ J ; ¢ 
‘Simffarly, any line which concurs with am already existing intersection : 
point reduces. the total number of intersection points by one, and the 

.. number of regions of the plane by one. Again we mst remember, as in ee 
bh» 
n=4, p=0, c=0 n=4, p=2, c=0 | n=4, p=O, c=3 n=, p=2, c=3 
na * " R, =L1 # R, =L0 R,=10 = 
; fh oo Oy mn BO ES oa <a 
: the ‘parallel case, that pairs of Pxtra concurrencies must all be counted. : 
Thus if c ‘ines concur ®t one point a wo 
n(n +1) (c - 1)(c - 2) ; er ar 
a ; - i. 1 + Zs 5 ° 7 
» ‘ ? 
+ “a ™ ‘ of 
\ a ‘ “hs 
# P “ 
e ‘ 


ce ee = i, GEES le 


If a line provides both a case gf parallelism and a case of concurrence, 
it mist be ‘counted each way in reducing the number of regi, s , as ig: 

_ shovn to the Yigure. tn general 4f there are 3} fomtlies Se ‘parallel 
lines with Py» Pos woe Py lines in each family and k families of. 


‘concurrent lines with Cy» Cy» vee» lines ih each family, we have 
R L- 1 + n(n + 1) e , - % 


a n "2 ‘ p §F 


Pi(p, 1) polp, - 1) | p,(p a 
| alfa Mey = 2) - (ey = gy -2) | Co +10 
= ee ge eee te ye 
5 The proof of this is too lengthy for insertion here. 
ears vad ; ~ é 


18. Consider the sequence of fractions 


5 ie: ae ee Pa 
« I’2°6§ % Jo? ces Go eee. _ ‘ 


ni 
where each fraction is obtained from the picccusug by the rule ¢ 
* ‘ ‘ 
2 ; Py * Par * P9ny . 
a / P ~ 


Qh * Pye © Wyn 


Showthat*for n sufficiently large, the difference between ra and 
j ; n 
i v2 can@be made as small as desired. Show also that the approximation 


to 2 is improved at each successiye stage of the degnente and that © 
the error “alternates in sign. Prove also that P, and qn are 


* relatively prime, that is, the fraction ” is in lowest terms. ) 
‘ n . €- 4 
\ & Py 
: a Let the erroy/at the n-th stage be denoted by e = — =, Ye. We, may 
; R n q , 
% ; : WM <.; 
ty ” ge : 
“ae define te error ‘e at the next stage recursively in terms of e 
a Zs r at+1L ny} 
as follows: ' 
v2 . / 
e*' : 
peat te 
a oo 
\ 


Since 1-72 is egative, t follows that e.,, has che opposite sign 


from. e n?. and the sign alte es if the, denominator is shown to 


ponigives. We shall prove by induction that le, ee = and thereby show 
2 


eimil taneously that the denominator above is posi tive, and tnat the 


- error can be made as small as desired a taking n suzficiently ite 


y~ 
ae ¥2| = e414 “<5 


Initial 8 tep. 


Sequential Step. me - sume ™ le, | er abe, For the Yondinator of e. 1?" 
Ye z . 
y have tHe” 


ae oe are H+1t+>-b+14+ B>Z+ B>1, 
Ay ik ox 2 ‘ - oa 
We also have f-1<%.) * 
It follows from the recursive expression for Cpe] that 
~ é 
F 1 ‘ lL eae o 1 ' 
’ ua! = ale Me *Se = ey 4 
¢ 2 2 ‘ 7 


To prove that* P, and qn have no common factor other than 1, we note 
that 
Y- Pa = Poea 7 ntay 9n = Int * Phas 
,We then reason induct t#€1y as follows: a 


“ voy s S 


ae coy 
Initial Step. The gnly common factor of p, and of q,.is 1. 
eee: Rene a 1 1 - 


, 


a i 4 


Sequential step. Assume Pe and i have no common factor other than: 
Ly EE Posy OMd Qs ‘had such a common factor, then, by the atove’ <s, 
‘formula it would, have to be & common factor of Pe and ha ‘. 
. i j 7 
‘Contradiction. " ‘ ‘ 


o- fF : ue. 4 . ] 


Let p be any polynomial of degree m:. Let q(n) denote the " 


(1) a(n) = p(1) + p(2) + p(3) + vee + p(n), 
A Peay, thas there is a polynomial q of degree m ait acre SS) 
Inttial Step. We observe that if p has degree O, then pec: vhere ' 


- e is a constant and we have ; t 


(1) p(1) +, p(2) + o6e + p(n) =c tote t ooo +e cn. : 


. 


Hence q(x), =cx isa ne: of first Gegres. satisfying the condition. 7 
Sequential Step. We assume that the testes ‘te true for any polynomial 
p of Fr degtee less than or equal to k, Let 


os . . 
(2) p(x) = ax} + p(x), , taf) 
where the degree of Py is <k.. * : 3 z i 
Next we observe that — 7 » oA 
: . ¥ F : ¢ = ee 
Es (x + 1)¥F? 2 XK? 4 (a + a)xt*? 4 Pp(x)- | ; 
, ” . . i , «ot Nagy 


where the degree of } p, is “< ke This fact has to be proved by induc- | 
tion, Unless the binomial theorem is taken for granted. It will be aa 
F wr ¥ « u 1 


proved afterward. Setting i ee : o* 
$ ‘ y > 
(x + aaa ia + a}x** % P(x) T 
s 
k+1 a 
and solving for x we obtain in (2) : 
aie a k+2 xete ‘ 
= . “ 
4 a ry 
where p(x) = By(x) - Ee Polx) 
and therefore the degree of es, 4s <k, 
_ Consequently ’ ' 
: + 
p(1) + p(2) tsee * on) hia | 3 
ms (3kte z ake) a . se + ((n + Rte 2 5 : a 


< p3(1) + p.,(2) | p3(1).’ 


‘By the” irduetion hypothesis, there Kiinte a a(x) of: anes. < k + 1, 
eat re 


- 


a(n) = (1) + vee + p(n). 


ee FOR soe ere ines 


20. 


- Similarly, g(n) -is defined by 


by tite , 4 } t 
4 bi 
. i . 


eS ‘ . 5 
Furthermore the expression in braces reduces by, successive additions and 


subtractions to (n +a)e2 - 1k? and we obtrin thé ‘des{red polynomial, 


q(x) = all sir. 124 5 +.q, (x) 


where ee a(n) = p(1) tooo tp(n). ~ ; ‘ . & 

Now we prove (3): ~ 
Init{al Step. If k = O, (x + 1)? ax" #(o + 2)x +1 and thé degree _ . \ 
.of 1 i# 9, er 4 


wots 


— +(e +3) x2 


‘Sequential Step. ae y3 OY isn (03) Mode) terial 


y 


+ (Ck + 2)x Math inalarl 


) 


oJ : ay 


Let the function me be defined recursively as follows: A 
Initial Step. f(1) = 
Sequential Stee. e(n + - = 3f (a) 
33 : ; 
In particular, we have £(3) = 3°° = 1, etc, , 


Initial Step. g(1) = 9 


Sequeritial Step. g(n +1) = 98" ee 
Find the minimum value m for each h such that S(t) > > hie 


+ 
It is easily seen that g(n) >f(n) for all n. We shall prove that 
f(n +1) >g(n) for all _n and, hence, that m =n+1 ds the least 
value for which’ f(m) > g(n). , 
‘ : 


nitial Step. If n=,1, f£(2) = 3 27, and g(1)@“6T@onsequently = * 
step 3 ; 


(2) >g(1)- More strongly, f(2) > 2g(1) +1; and. ye shall prove * ate > 
geferally f(n +1) > 2g(n) +1. . on pate! oh, 
f o ; F P i aa i 
Sequéntial Step. Suppose. ss 1 
aa f(k +1) > 2e(k) 1 >e(k)e | Rip vice 
Then, F pe a 
' f(x + 2) 2 3f( KH) e(k)+1 D3. » Pel) ye ts 
; 2 | 6S a 2 3e(k + 2) 
. 7 s s 
Hs > ok +1) +2 a ee r* ra 
) ae = Dek +1). . ad 
7 ; ' bi : ‘“ ; ay : 
fa At : ee hy }- a y z 
he A 5D 6207 ™, - : 
ae , ; » on & Ba it ' ‘ & of . . ¥ : A MS a ee 
* a a / & Pe ee ee ee ‘ , a hats 


- 


4 
\ 


| ia 


‘ ol 
i r +. 

a i 1+ ¥%)"- (1 - he. 
Prove for all natural numbers n, - that — aes 
w ‘ede ‘ peer ay We ‘ pan Gt ; axl 
is an integer, (Hint: Try to express ox y" in terms of 

n-1 n=l n-2 n-2 
x ee Se -y -, ete.) 
- : ; a 
oe n- ® n . ; 
1+ _- (1 - : 
Let Pa = -* We will use the second principle. 


c an 7 


Initial Step. ty, cee ee eee ae a 


evs Fi! evs ’ ae 
> gp kt BE - 2 = 5) 1+ Oh +5 -1 + 2-5 | 
; hala 2° 5 . We 
@ < *s . _ or. : i . : 
t ;  @ 
| 4v5 | : +i 


Sequential Step. Assume ve is. an integer for all 8.< ah 


/ k+l k+1 


Consider F. ig » (i - For brevity we ge 
2 = is : 
k+l okt is | 
is 
write -1+%=x and 1- Hey. ; m4 
Then i : 
k+1 k+1 kt k k k k k+1 
m™~ F x - «2 +x y - x yt+ - - 
k+l | okt 5 j okt+l 5 
x (x + eee he My 4 
= t 
| pkt1 5 - 
. ee. kek ke ; ; : 
x + x - x - ig 
: pkt1 5 | pk+1 5 ; 
“\ k k\ oo f kel k-1 \ 
See US a = = 
ee x 65 ol ig ‘ ; 
1+ + (1 - (1 + L- 5 Pa . 
. Dn Fi Feet e 
- \ al 
ee Pas | _¢ 2 
but. ‘by the. assumption of the sequential step we know Fy and Pela 
are integers. ‘Therefore ‘Fy. +1 is an integer. This completes the a 
| theorem.) | sg ; i sal ae . 
ie Pg. 5 ae pe se 
f 
: Bp. ida 
- is = i 


Eakins 


2. 


Exercises A3-2a - © 


Solutions 


Prove i 
os 
Dorma o Denes wi 
k=l * kal . - vi 
The linearity of summation is a consequence of the additive and multiplica- 
tive properties of real numbers and follows easily by mathematical induc- 
_ tion. oo ; 
Write each of the following sums in expanded form and evaluate: 
ae 4 i n ‘ : % ; £ 
5 z ad : Sey <: : ! 
(a) 2k. ‘2+h+6+8 +10 = 30° 
) k=l . r . ae a 
, oe a ee eee sae 
a £3 * Wo + 5° + 6° = 90 


b 4 


o> (22 +r-12) .° (-12) +4-12) +(-10) +(-6)+(0) = -lo Hy - 


r= at Z : —— ® 7 
eee OFZ +2el rho 3 +245 eh - 3 = 90 ead 
; 4, - : ' ry 
z, : m=2 : P ‘ ‘ 
‘ 2 Sor j . 
' a oY 3 mY of 
5S . . (e) 5 at : L +2 + 2° +034 00, aor? 2 gil 2 1 . 4 
: 2, rt a 4 
-  4=0, fs er ae a a 7 
y balf Bgl aa 
. et Vehe beh +12 16 ee ee ie 
° (rf). rity - rj! , 1* + +e Le do ber 8 ; as 
3 : ‘ ‘ . a 
a a | 1 
ep b 
‘ # y . . LE ) - §, ay 
y ety ; 
* , . rod , ' : 
' ‘) Ny : 3 , 
ee deve 9 rs 
* poe! eee ' Pa oe 
4 /f y ‘ “Ai : =o } z ft " oe ‘ 2 . Re t 
’ ( Be ; Wien SS oe if + , * 
+ " - i 69 » 2ay * kay 
es A te ‘ raat - a ec ee 
1 s . & “e. 4 ‘ : re { ‘ ‘ 4% ped. or ee a ae 
ae tge  igelt 7, Pale eh a ae Py eae ar ta ee 


“Rage 


‘ L 
+ ithtbh of nie dathouty statenents are. trie and which are false? “Justi 
your ediclusions. che ot 


(a) Er ieee. 


m=1 mel 
ie 10. 3 10 2 . Poe \ 
(g) k? = >: k : oa 
aA m=1 
i sn-l | ; 


(n) > “Ila =X) x -> i(4-+d)(n - i) 


1=2 * 


a ‘ie - ue: | bP ans 
ay Bene % (a) So fas wh Ors 


- a“ 


« 
’ 
iy 
As 
° 
. 
YY 
* 
© 


ad : 


oi” 


. , (a). Falses, >! = 8+ = 32 ae 
ge ON Ur See ® 
a er a v) ‘True . Bye 
FS 10 o) Ae \ 4 - 
gy Ce) Pétses Dx? = 10? +}: YE x 
f : ' , : ‘ «k=l " k=] i - kel) 
S . ‘4 1 aa ee . 
o (a) True, iw 
(e). True . Ee a % uf 
\ _* ‘ ; F re ber § 4 s 
-  “ * (¢)) False; unless .k = 0, Ff ’ oA ‘ 
u s : 
; (g) False; unless k = 0." -f 
; ft) True; the missing 7 are zero. | ; + a 
3 (1) ‘True; m- takes gh the same values as k., 
‘ e f n 
(3) True: we (n -k)A, by (4).0 | 
ksO°  , | ksO : 
? f 
( { 
# , . m 
es tS (k) True; follows by applying (i) to >. (m> - omk + k )A x 
Pay . k=0 , ‘ e 
‘ ; zs aM, : ° se . , ry 
Fa 4, Evaluate He) rr £(x) = x’, a=0,be1 and — 
¢. k=l pr : , , 
\ , _. : 
' pee ' (2 
(a) niew2 “ > 
Nog , ee } a 1 * ee 
: (b) on = Nw ; 32 } ‘ 
; (ec) ‘np 8 102 if 
J @) inp 3G d 
. b give { hide © 
t he 
F ay 
62 193. 


Subdivide the interval [0,1] into n equal ae subinterval 
obtain upper and lower bounds for xy Using sigma notation, use these 
upper and lower bounds to obtain expressions for upper and lower estimates 


‘ of the area under the curve y = x” on (0,1). 
these sums without reading elsewhere, do so. 


yoy 


If you can evaluate 


e 
. pee sum Yh (oy i sy wa eaten! 


6n° ™~ 


5 i S kv ae : 
‘Upper sum = ), > (4) = lower sum # 


n/g 
kel | 


/ - 


‘ bi i : F i? FF { $ . 

63" (a Write ot the sum of the’ first / terms of an stitute progression 

ts with first term a and comes ah ea d. Express the same sum » 
in men notation. . : : 


a” 


f f ; - : i 
(a) + (a a) + (a + 2a) “4 + ay (a + ha) + (a + 5d) + (a +'64) . 


% 
-, _. ‘ Pata 


n=l 


ie 
(d} In sigma notation, write the rs ee for the sum of the first n 
terms of a geometric progression with first term a and common 


ratio r, Fe 
' : 
ye 
ee | 
“ ° i ' : s v : ty ¥ 
Le las Consider a. sunt 9 f defined by — es E 
n 
f(n) Qo eee Me = 3M (r= WN(r = 5) a: ’ 
; r=] e 7 ‘ 
r Find ,f(n) for neal, 2, ..., 5. sai ; oo 
te) 2 MBSE tor G22, Bede Oy os 


) Give’ an axing of a function g: so utter to ‘that in (0) such that 
g(n) -l,nel, aye ’ 


et Le | 5 MRP as 
: - 1)(n ~ 2)(n -'3) | n - 10 AP ii 
g(n) = 1 ~ (otis ayn a3) see fn = 10) ' . F e ; 
Pe a ee 10% esha) oo 
{ a , a : : he 


~ 


8, Write each of the soLleving sums in expanded form and evaluate: : 


* Pate, oe 
“oped OS 
| = | | 


ie ; tn e ; ‘* 
« , e | . * r " . | P » 3 ; = 
* eee nee = D> (én - 1s) =a BD. ah 
nel ; . nel A : 7 ind ‘ 
» Wy : fen: 
x P| 
op? bu - | 
ee 'C.) 5 
a ; 
Even + (2n-1) + eI ree 
n=l 
a xa sugun en ie 
. ‘i 1 
el : P . 
ae, . ' m .n - ro 5 ¢ : d “8 a ee 
Je The double sum ° & | a is a shorthdnd notation for =| * i‘ 
‘ 10 J=0 : if 


> int, 0) + iis 1) ‘+ .¢ + F(i,n)) or F(0, 0) + F(6,1) + see + sas he: 
420 = 
+ F(2,0) + ¥(1,1) + 508+ F(1,n) ° 


* . . ° a * ie gf 
: ; : ° e . . ; x . * Ags : 
3 ‘ + F(m,0) + F(m,1)@ «6. + F(mn). |, 
In particular, + 


Been ‘Ltd eee tase a+ei3- 18 
iit ‘ ae 
Bentaathy 


a dee 2. | 
- Wa) ric | Key DOSE max a3) 
See i=l jal 
cae ane pe in . 
ot (b) ae yao ee >> eae 
‘ re Ue 1 ‘ - - del. Jel 


y 


BI cae nine , 


(c) If n>n, Ke have 


om e 
aS “Se “0 sed) 


" , i=] 


rye - 1) += Swe 


= ag ies + 1) 4 nee + 1) 


6 2 


iia m > Me spust tnterchange m and n°‘ (by symmetry). 


‘ 
a» £ 
€ 


(a) ‘This eqn a also: tre done rintianiy, LR, 


i EST 


S 
{? 


jit] J 
Alternatively, ; - 8 “| ‘ 
: ; a 


b> ie faa) sa ss yu 6), fr 


fh jel fel ' jel 


Q: 


a ds ; 


¥ 


‘ 
ae é 
at ‘f 
. Dg , 
) , 
A 


12, 


# 
. 


4 n r 


ll.’ If  8(n) -), f(4).’ determine £(m) in terms of the sum function 3, 


a : ial ee: ks . ' . 7 eS 
t ® - 
« , : ’ 


(1) = 8(1) 


*me1L i 3 


8(m) - ote: - 2) an > Dele kg t(m), m >1.- 


inl, _ del Y - ° ui fa 
" P. . er ve ! ‘i “ “S ete e 
Determine f(m). in the following summation formmlae: (See Number p) bs 
: ce é ; ; 
* ‘ A 7 ; a os * i ’ 
F . n ? oo ‘ é ‘ se a J : 
“(a) lee > JC) 2 SOY why el oO) ede oS 7 
ny isl , 7 , 7” " a, 3 te, a 
. . , a . ; Toi BF as 
i. ‘ F re pad 
; oo ' i fo 
; . : re . 4. 
\ a, 
; F 4 { 1 
: $. 9 é 2 ; ' 
a= a i) : 
: . i 2S =~ ’ ~ : ' { 
” ~ 635 » 2's . 
: | a ae 2 
‘ ‘ ' . ' : 
‘ yra? I 9 ‘i » 7 2 . ’ ; 


a . n : & ‘ . A ry = “i 2 ; -" 
x f Me Gs 2 . remee : Ss 4. st . : * 
(d) ns >. 6 a ae f(m) = 1) m>1.8 ees 
Te F 5 » Leal . is . P| ? + - ak ‘ 4 ‘ 
» ‘oes oy 
ot ane | ' : 2 o. : ’ a 
To).’ 'n® -)> c(t) | ttm) wm? (mm Py? om a as 
. » Mey ye 7 ae 
es (a) at + bp +e = > #(4) f(1) = a+b+t.c, me i ae : 4 , 
‘ s | Rar . {o - Wy ; i 4 
at _ f(m) = on’ +bm+¢ ~ a(m=1)”'~b(m- 1) we? 
+ , fro! ‘ Ca | Yah : ; § * > 
; : ie us : = a(2m “ay +b, n> Le eg! : 
. 4 ef (ce ° a. * a ue 
a ¥ on . A a gt ba! . 
a pe a 1 { ’ ri, | ab, a t . 
(e) eos nx =. > f(1) ' .£(1) = cos x, er 2 $e tira! 3 
= sD gb cee ( /£(m) "= dos mx = éo8(t-»2)x 5 ae By 
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{ * 2 5 2 : m ; sae & 
. : 4 - +4 
—  (g) nt = -£(1) = 1, ie, Se, ga. 
: f(m) = mt. - (m- 1) ig Pe go ke 
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‘. We show this implies the truth of the theorem for k =n +\l. 


¥ OX 


’ 


* 


' ‘ 
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& J \ r=0 ; ¥ . ; : . F a 
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Gd? + Bay # Bay? #23 oe 


- x? + 3x°y + 3xy* +y9 . 
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Vy It RB a{) denotes a polynomial of degree n such that P Ot) ® 2X ee * 
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si inet Ts - ee ee BF a a } 


+4 


r~ 


lee i ; r - $ . 
| : ' ine : ° : : ‘ 
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, Ce). ae ee ok 5 Bs ~ ye : 
Ee 5 ee % 4 — ar a 
Ce) (x1)? 5 ro: a oe 
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